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Introduction

A rather large macroeconomics literature assumes that economic policy announcements can
be fully implemented at later dates. While full commitment can be justified on the grounds
of analytical tractability to circumvent the well-known problem of time inconsistency pointed
out by Kydland and Prescott (1977) and Calvo (1978), in practice we lack mechanisms enforcing social decisions. Economic policies may benefit from elements of surprise and the
manipulation of agents’ expectations. Hence, the government may want to deviate from
a proposed plan once all other agents have undertaken certain actions. Such complex interactions are at the heart of economic systems. And yet there are not well established
quantitative methods for analyzing this dynamic interplay between economic policy making and agents’ beliefs. Specifically, from a modeling perspective the question remains as
to whether or not such behavioral give-and-take can be shown to exist in pure or mixed
strategies—together with their actual analytical properties and numerical simulation. From
strategic considerations, agents’ reactions may display jumps or certain types of discontinuities. These technicalities will add to the analysis and computational burden of these
economies.
We present a quantitative framework for sovereign default that incorporates physical
capital accumulation and endogenous labor supply. The sovereign can renege on its external
debt holdings and tax commitments to finance public consumption. We first derive some
regularity properties of optimal and time-consistent policies, and highlight some tradeoffs
between external debt and distortionary taxation. Then, we show existence of a Markov
Perfect Equilibrium (MPE) for our economy under general conditions. We therefore provide
a positive answer to the existence of time-consistent economic policies with sovereign debt
and distortionary taxation. This existence result should be of interest for the study of equilibria in related economic environments, and for the construction of numerical algorithms.
We reformulate the competitive equilibrium as a recasted optimization program with implementability constraints. We observe that under regular conditions the first-order derivative
of the sovereign’s value function is well defined and continuous at almost all points. Then, we
build on an extended value iteration algorithm that takes into account the perceived future
policy, and establish some uniqueness and convergence properties of optimal solutions.1
1

The mathematical tools of our analysis are quite familiar in economics. We rely on some differentiability
properties of Lipschitz functions (i.e., functions with bounded slope), and Berge’s theorem of the maximum;
see Stokey, Lucas, and Prescott (1989), Ch. 3. The correspondence of time-consistent policies is upper
hemi-continuous under perturbations of the model primitives. The proof aims to establish that our dynamic
programming operator is lower hemi-continuous under general assumptions. In Section 3 below we delve
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Contrary to what is generally believed, not all kinds of time inconsistency can be addressed under the same analytical and computational methods. For every model we first
need to identify the sources of time inconsistency. In some cases the time-consistent policy
can be characterized by the standard methods of dynamic programing under the action of
a contractive operator. For general forms of distortionary taxation, however, we cannot
longer appeal to such contractive arguments. Unlike frictionless economies, the analysis of
time-consistent policies is bound to be model dependent.2
On macroeconomic considerations, most models of sovereign default are exchange economies
that assume complete debt repudiation and ignore alternative policies to secure public expenditure. These models are not suitable to evaluate fiscal policies as well as the recurrent
recessionary periods around the time of default characterized by persistent drops in productivity, physical investment, and employment. Distortionary taxation generates a wedge
between the marginal utilities of public and private consumption, and may spike in periods
of low productivity and about the time of default. Besides, several quantitative results in
this literature are driven by the widely-embraced assumption of complete debt repudiation.
The expected debt haircut has a noticeable impact on the debt-to-GDP ratio and the bond
spread. We model the cost of default as a loss in total factor productivity (TFP) that may
even arise prior to default.
Sovereign default could have a great impact on trading and pricing. Hence, complete debt
repudiation seems an extreme assumption. Indeed, under complete default the debt-to-GDP
ratio plummets to about one-half of the benchmark value and the sovereign bond spread also
decreases considerably. Therefore, the cost of default will need to be quite large to target
observed debt-to-GDP ratios and credit spreads. Extending the maturity of the government
bond will affect our financial variables depending on the anticipated haircut. More precisely,
long-term debt tends to increase the equilibrium bond spread under a complete debt wipe-out
but a country would be less motivated to bear long-term debt if the allowed debt condonation
is small. In equilibrium, the bond spread may move inversely with the debt maturity for low
haircut values.
A larger TFP loss as a consequence of default would result in a higher debt-to-GDP ratio,
and an increase in the credit-risk premium. Also, the persistence of such TFP loss can affect
the credit-risk premium substantially. Persistent declines in TFP are needed to account for
into our strategy of proof.
2
Agents’ strategies are Markovian in an MPE. Hence, we attempt to extend the methods of dynamic
programming to deal with these sources of time inconsistency. Dynamic programming should not just be
limited to games against nature.
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these long swings in real and financial variables. In fact, a better fit for the model to the
data is obtained when the TFP loss starts to happen before default. As in some financial
models discussed below, this premonitory fall in macroeconomic activity could reflect fears
of the worsening of credit conditions and investment prior to default. Traditional models of
sovereign debt simply assume that output costs occur after the event of default.
Our model calls for prudent fiscal policies at the time of default. While the sovereign may
want to run budget surpluses to prevent default, in our dataset we observe deficits with flat
tax revenues and flat general government consumption. Following Conesa and Kehoe (2017),
this empirical anomaly can be thought as “betting for redemption”. The optimal fiscal policy
to avoid default will depend on the expected haircut and the level and persistence of the
cost of default.
In our database, internal debt carries a higher credit-risk premium before default whereas
external debt carries a higher credit-risk premium after default. This may be a reflection
of the “investment home bias” puzzle, which could be triggered by a credibility loss on the
part of foreign investors. In reality, the optimal debt mix of the sovereign is tilted towards
internal debt after the event of default.
In sum, in our model of sovereign default, the debt-to-GDP ratio and the bond spread
are fairly sensitive to the expected haircut and to the magnitude and persistence of the
productivity drop upon default. Extending the debt maturity will have ambiguous effects on
the bond spread based on the anticipated haircut. The introduction of optimal distortionary
fiscal policy provides an additional channel to finance public expenditure while interacting
with TFP, the capital stock, the haircut, and the default cost. We later introduce some real
and financial frictions which improve the model’s performance in various dimensions such
as the persistence of the bond spread after default. These frictions are often invoked as
additional sources of volatility of macro aggregates in developing economies, but have not
been fully integrated in models of sovereign default.
Much of the economics literature on sovereign debt starts with Eaton and Gersovitz
(1981). This paper considers an endowment economy in which default is punished by permanent exclusion from international capital markets. Arellano (2008) and Aguiar and Gopinath
(2006) reevaluate this setting of complete debt write-offs and introduce temporary separation from international capital markets and a convex output loss that helps to generate
counter-cyclical sovereign bond spreads. Arellano and Ramanarayanan (2012), Chatterjee
and Eyigungor (2012), Dvorkin et al. (2021) and Hatchondo, Martinez, and Sosa-Padilla
(2016) endogenize the maturity structure of sovereign debt, and examine various channels
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for long-term debt to influence the level and volatility of the credit-risk premium.
There are mixed views on the importance of the imposed restrictions to trade and capital
flows as a result of sovereign default. As many other authors [e.g., Uribe and Schmitt-Grohe
(2017)], we consider that the ensuing costs of separation from external credit are of secondorder importance as compared to the disruptive effects to the domestic economy (e.g., insolvency, more restricted access to domestic credit, banking crises, and currency depreciation).
A more recent literature has introduced endogenous default costs affecting TFP, which may
be magnified by several propagation mechanisms. Again, in these papers physical capital investment and partial debt repudiation are not considered. Mendoza and Yue (2012) postulate
a working capital constraint for importing intermediate goods. Sovereign default will limit
access to international credit, and hence diminishes domestic firms’ ability to import superior
international intermediate goods. In Na et al. (2018), nominal wage rigidities will lead to
involuntary unemployment. Then, devaluation of the currency will stimulate production. In
Bocola (2016), sovereign default causes a deterioration of the banking sector’s balance sheet,
which in turn affects the credit condition of the private sector and the production capacity
of the domestic economy. Perez (2018) and Arellano, Bai, and Bocola (2017) present other
models of domestic banking and default. Gordon and Guerron-Quintana (2018), and Park
(2017) study production economies with full debt repudiation. Partial default drastically
changes the equilibrium dynamics and hence the calibration of the model, but it has only
been introduced in Arellano, Mateos-Planas, and Rios-Rull (2019) in an exchange economy,
and in Pei (2019) in a production economy with no external financing. Their analytical
frameworks differ substantially from ours.3
The paper is organized as follows. Section 2 sets out the basic model, and derives some
analytical properties for the sovereign’s value function. Section 3 is devoted to the existence
and computation of the MPE. Section 4 presents our baseline economy, and explores some
quantitative implications. In Section 5 we evaluate the impact of some frictions in the
dynamics of default. This serves to integrate our quantitative results within several strands
of the development literature. Section 6 concludes. In the Appendix we outline proofs of
our main results. A separate Online Appendix contains some supplementary theoretical
results as well as comparative statics exercises highlighting economic forces behind sovereign
default.
3

The expected haircut will be a fixed constant value, but it could be a function of the state variables
such as the outcome of a bargaining process [Yue (2010)].
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2

The Model

Our small-open economy is populated by a continuum of identical households. The representative household starts the economy with k0 units of physical capital and can supply up
to one unit of labor, lt , at every date t = 0, 1, · · · . The sovereign (also called the government) maximizes the country’s welfare, and can collect taxes and borrow from abroad. The
sovereign may impose a (prespecified) haircut, 0 < κ < 1, on its creditors. Upon default, the
economy suffers a temporary (but persistent) productivity loss and a one-time utility loss.
This latter non-pecuniary penalty will subsequently be replaced by a financial friction.
The production sector rents capital, Kt , and labor, Lt , from households under a constantreturns-to-scale production technology, Yt = (1 − ηt · ζ(At )) · At · F (Kt , Lt ), where At is a
stochastic process representing total factor productivity (TFP), ηt labels the country’s default
history, and ζ(At ) refers to the fraction of the TFP loss associated with sovereign default
as explained below. The production sector maximizes profits, ΠY,t = (1 − ηt · ζ(At )) · At ·
F (Kt , Lt ) − rt · Kt − wt · Lt at every t. (All prices are relative to the final production good.)
Hence, at an interior solution factor prices equal their respective marginal productivities,
rt = (1 − ηt · ζ(At )) · At · FK (Kt , Lt ), and wt = (1 − ηt · ζ(At )) · At · FL (Kt , Lt ), where FK and
FL are the partial derivatives of F with respect to K and L. Physical capital is subject to
a constant depreciation factor, 0 < δ < 1.
The sovereign taxes income at a flat rate, τt , and can borrow a one-period bond from the
foreign lending sector4 to finance public consumption, Gt . After observing the realization
of the TFP shock, the sovereign may decide to honor (∆t = 0) or not to honor (∆t = 1)
the existing debt, Bt . Upon default, the sovereign would only pay for a fraction 1 − κ of its
debt balance at the cost of a TFP drop, ζ(At ) · At , starting from the current period. This
TFP penalty is lifted with probability, πA ; i.e., the default flag ηt = 1 goes back to ηt = 0
with probability, πA , at every future date, t. The government also suffers a one-time utility
loss, ϑt , which later will be interpreted as an added borrowing cost upon default. New debt,
Bt+1 , will price at discount, 0 < qt ≤ 1, reflecting the ongoing market interest rate and the
perceived country’s risk.
The international lending market is perfectly competitive. For simplicity we assume a
constant interest rate, re > 0 at all times. Foreign creditors are risk neutral and maximize
·κ)·Bt+1 ]
− qt · Bt+1 ; hence, in equilibrium the following noexpected profits, Πf,t = E[(1−∆t+1
1+r̃
4

To ease the exposition we consider long-term debt in the Online Appendix.
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arbitrage condition must be satisfied:
qt =

E (1 − ∆t+1 · κ)
.
1 + r̃

(1)

Observe that qt may depend on Bt+1 , since Bt+1 determines the extent of sovereign default
(∆t+1 = 1) in future states.
Finally, in equilibrium factor markets must clear at all times t ≥ 0, and output produced,
Yt , must make for private consumption, ct , investment, it , public consumption, Gt , and
exports towards paying for the external debt balance, N Xt . More precisely, Kt = kt , Lt = lt ,
and
Yt = ct + it + Gt + N Xt
(2)
with N Xt = (1 − ∆t · κ) · Bt − qt · Bt+1 .

2.1

The representative household

∞
For a given sequence of taxes and public consumption {τt , Gt }∞
t=0 and factor prices {rt , wt }t=0 ,
the representative household chooses an optimal plan for private consumption, hours worked,
and capital investment {ct , lt , it }∞
t=0 , to maximize the inter-temporal utility function:

E0

(∞
X

)
β t · [U (ct , Gt ) − h(lt )]

(3)

t=0

subject to the income and resource constraints:
ΠY,t + [(1 − τt ) · (rt − δ) + δ] · kt + (1 − τt ) · wt · lt ≥ ct + it

(4)

it + (1 − δ) · kt ≥ kt+1

(5)

kt+1 ≥ 0

(6)

for initial k0 .
One-period utility functions U and h will satisfy standard regularity conditions over
ct ≥ 0, Gt ≥ 0, and 0 ≤ lt ≤ 1.5 The optimal behavior of the household can be characterized
by the first-order conditions:
5
More specifically, these functions will be supposed to satisfy typical monotonicity, concavity, and differentiability conditions. For most results below, we need ct > 0, and Gt > 0, for all t ≥ 0. For convenience
we also assume 0 < lt < 1. See Aguiar and Amador (2019) for some suitable Inada-type conditions to insure
interiority of optimal solutions in the context of this literature; see also the Appendix below.
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Uct = β · E [1 + (1 − τt+1 ) · (rt+1 − δ)] · Uct+1

(7)

(1 − τt ) · wt · Uct = hlt ,

(8)

where Uct , Uct+1 , are the partial derivatives of U with respect to private consumption, c, at
times t and t + 1, and hlt is the marginal disutility of labor, l.

2.2

The sovereign

Faced with a default label η0 = 0 or η0 = 1, and a vector of initial states (A0 , K0 , B0 ) , the
sovereign must choose a contingent plan for the tax rate, public consumption, the decision
to default, and the quantity of external bond holdings, {τt , Gt , ∆t , Bt+1 }∞
t=0 , to maximize
the country’s welfare net of the non-pecuniary penalty, ϑt :

W (η0 , A0 , K0 , B0 ) =

max

(τt ,Gt ,∆t ,Bt+1 )∞
t=0

E0

(∞
X

)
t

β · [U (ct , Gt ) − h(lt ) − ∆t · ϑt ]

(9)

t=0

subject to budget balance:
Gt + (1 − ∆t · κ) · Bt ≤ qt · Bt+1 + Tt

(10)

for tax revenues, Tt = τt · (rt − δ) · Kt + τt · wt · Lt . As is well known [cf. Hernandez and
Santos (1996)], the existence of an optimal solution for the government implies that the sum
of the discounted stream of tax revenues net of public consumption must be well defined,
P∞ Tt+s −Gt+s
< ∞, for some state price process. There are then several equivalent
E
s=0
(1+r̃)s
ways to define a budget-feasible or sustainable debt path (cf., opt. cit.).
Definition 2.1. (Sustainability of the Public Debt) The debt path {Bt }∞
t=0 is sustainable
if: (i) Inequality (10) holds for some government
policy {τt , Gt , ∆t , Bt+1 }∞
t=0 , at all t ≥ 0,
P
q
·B
s
s+1
with qt satisfying (1), and (ii) lims→∞ E( s(1+er)s ) ≤ 0, for all attainable vectors of state
variables (ηt , At , Kt , Bt ) , where the sum at time s ≥ t is over all paths starting from the
given (ηt , At , Kt , Bt ) , for every t ≥ 0.
Let Ω (η0 , A0 , K0 ) be the set of all B0 that can generate a sustainable debt path {Bt }∞
t=0
for initial (η0 , A0 , K0 ).
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2.3

Ramsey equilibrium

Definition 2.2. (Competitive Equilibrium) For given (η0 , A0 , K0 , B0 ), a competitive equilib∞
rium is a set of government policies Λ = {τt , Gt , ∆t , Bt+1 }∞
t=0 , factor prices {rt , wt }t=0 , bond
∞
∞
prices {qt }∞
t=0 , consumer choices {ct , lt , it }t=0 , and aggregate production choices {Kt , Lt }t=0 ,
such that:
1. {Bt }∞
t=0 is a sustainable debt path;
2. {ct , lt , it }∞
t=0 solves the optimization problem (3) subject to (4)-(6), for the given policy
Λ and prices {rt , wt }∞
t=0 ;
3. qt satisfies (1) at all times, t ≥ 0;
4. Markets clear at all times: Kt = kt , Lt = lt , rt = (1 − ηt · ζ(At )) · At · FK (Kt , Lt ),
wt = (1 − ηt · ζ(At )) · At · FL (Kt , Lt ), and (2) is always satisfied.
Definition 2.3. (Ramsey Equilibrium) For given (η0 , A0 , K0 , B0 ), the Ramsey government
chooses the optimal Λ = {τt , Gt , ∆t , Bt+1 }∞
t=0 over the set of competitive equilibria.
Proposition 2.4. (Characterization of the Ramsey Equilibrium). For given (η0 , A0 , K0 , B0 ),
∞
let the set of government policies Λ = {τt , Gt , ∆t , Bt+1 }∞
t=0 , factor prices {rt , wt }t=0 , con∞
sumer choices {ct , lt , it }∞
t=0 , and bond prices {qt }t=0 , be a Ramsey equilibrium. Then, this
equilibrium must be an optimal solution to the following associated programing problem:
W (η0 , A0 , K0 , B0 ) =

sup
{τt ,Gt ,∆t ,Bt+1 ,ct ,lt ,it }∞
t=0

E0

(∞
X

)
β t · [U (ct , Gt ) − h(lt ) − ∆t · ϑt ]

(11)

t=0

subject to
ct + it + Gt + (1 − ∆t · κ) · Bt ≤ (1 − ηt · ζ(At )) · At · F (Kt , lt ) + qt · Bt+1 (12)
(1 − δ) · Kt + it ≥ Kt+1 (13)
Gt + (1 − ∆t · κ) · Bt ≤ τt · [(1 − ηt · ζ(At )) · At · F (Kt , lt ) − δ · Kt ] + qt · Bt+1 (14)
E (1 − ∆t+1 · κ)
(15)
1 + r̃

Uct = β · E [1 + (1 − τt+1 ) · ((1 − ηt+1 · ζ(At+1 )) · At+1 · FK (Kt+1 , lt+1 ) − δ)] · Uct+1 (16)
qt =

(1 − τt ) · (1 − ηt · ζ(At )) · At · FL (Kt , lt ) · Uct = hlt (17)
Bt ∈ Ω (ηt , At , Kt ) (18)
9

for all t ≥ 0. Moreover, every optimal solution to this associated programing problem,
{τt , Gt , ∆t , Bt+1 , ct , lt , it }∞
t=0 , can be decentralized as a Ramsey equilibrium.

2.4

Properties of optimal policies

As is well known, both discrete decision choices and game-theoretic interactions may generate
non-convexities in otherwise standard optimization problems. More specifically, in our model
the option to default (∆ = 0 or ∆ = 1) predetermines the paths for total factor productivity,
(1 − ηt · ζ(At )), and the bond price, qt , while randomizing over these alternative paths is
not feasible in our economic problem. Distortionary taxation is another aspect of economic
policy leading to a second source of non-convexities in (11) through induced changes in
equilibrium quantities {ct , lt , it } , and the bond price qt .
We now address these technical issues for the characterization and computation of optimal
solutions in our dynamic model. We derive some first-order differentiability properties of
function W (η, A, ·, ·) after invoking a general envelope theorem. While we initially focus
on the social planning problem (11), these analytical properties are based on perturbation
arguments over current state and control variables, and hence will still prevail in our later
scenario of time-consistent economic policies in Section 3. Our main contribution lies in
the computation and continuity properties of the derivatives of mapping W (η, A, ·, ·). These
derivatives highlight the marginal impacts of external debt and distortionary taxation, and
hence they are of economic interest.
Observe that value function W is always well defined, since this function can be calculated
as the sup in (9) over all possible equilibrium sequences. Of course, W may be unbounded
below if there is no sustainable debt path {Bt }∞
t=0 . Under regular conditions on the primitives,
function W is bounded above, continuous, and the set of optimal solutions is upper hemicontinuous.
The differentiability of marginal or value functions W has been studied by numerous
authors in economics and applied mathematics. Our first result on the differentiability of
W (η, A, ·, ·) is just a simple version of Danskin’s theorem [e.g., Bernhard and Rapaport
(1995)], which is a primary source for most envelope results with interior solutions.6 We actually follow Clarke (1975), Theorem 2.1, and focus on differentiability properties of Lipschitz
6

Danskin’s theorem guarantees existence of the directional derivatives of the value function. The objective
need not be concave. These directional derivatives are computed over the set of optimal solutions. The
derivative will exist if the optimal solution is unique. For convenience, in the Online Appendix we state a
simplified version of Danskin’s theorem together with the computation of our derivatives. Some numerical
examples illustrating these results are available upon request from the authors.
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functions. Then, we compute the derivatives of mapping W (η, A, ·, ·) at points of existence.
We assume that the utility function U (c, G) is additively separable, U (c, G) = u(c) + ν(G),
strongly concave, and continuously differentiable. We again remark that in spite of all these
regularity assumptions, function W (η, A, ·, ·) is not necessarily a concave mapping.
Proposition 2.5. (Differentiability of W (η0 , A0 , K0 , B0 ) in K and B). Function W (η0 , A0 , K0 , B0 )
in (11) is continuous at all (η0 , A0 , K0 , B0 ) ∈ graph(Ω (η0 , A0 , K0 )). The directional derivatives of W (η0 , A0 , K0 , B0 ) with respect to K and B are well defined and bounded on compact
subsets of int[graph(Ω (η0 , A0 , K0 ))].
Proposition 2.6. (Continuity of the Derivatives). Function W (η0 , A0 , ·, ·) in (11) is a
locally Lipschitz mapping in (K0 , B0 ) for given (η0 , A0 ) and B0 ∈ int[graph(Ω (η0 , A0 , K0 ))].
It follows that W (η0 , A0 , ·, ·) is differentiable at almost all (K0 , B0 ). At points of existence,
partial derivatives WK (η0 , A0 , K0 , B0 ) and WB (η0 , A0 , K0 , B0 ) are continuous and bounded
on compact subsets of int[graph(Ω (η0 , A0 , K0 ))].
As already pointed out, Proposition 2.5 restates a well-known envelope theorem under
standard conditions on the primitive functions. Given that the directional derivatives are
uniformly bounded on compact sets, by an application of the mean-value theorem [Miller
and Vyborny (1986)] function W (η0 , A0 , ·, ·) must be locally Lipschitz. Proposition 2.6 corroborates this Lipschitz condition, and hence the partial derivatives WK (η0 , A0 , ·, ·) and
WB (η0 , A0 , ·, ·) will exist almost everywhere. The less well known part of this proposition is
the continuity of the derivatives, which is simply a consequence of the envelope theorem and
the upper hemi-continuity of optimal solutions.
For concreteness, in the sequel we assume that η0 = 0 and ∆0 = 0; that is, the country is
cleared from default, and not willing to default. It is quite straightforward to extend these
computations below to all other values for η0 and ∆0 . Recall that utility function U (c, G) is
assumed to be additively separable, U (c, G) = u(c) + ν(G).
As one can expect from the envelope theorem, partial derivative WB (η0 , A0 , K0 , B0 ) can
be pinned down from the marginal utility of G0 .
Proposition 2.7. (Computation of Partial Derivative WB (η0 , A0 , K0 , B0 )) Suppose that
{τt , Gt , ∆t , Bt+1 , ct , lt , it }∞
t=0 is an optimal solution to (11). Then, at points of existence,
the partial derivative
WB (η0 , A0 , K0 , B0 ) = −ν 0 (G0 ).
(19)
Therefore, the optimal G0 > 0 is unique.
11

The proof of this proposition just amounts to a straightforward application of the envelope
theorem under constraints (12) and (14). Of course, this simple version of the envelope
theorem will not hold for bonds of longer maturity.
Remark 2.8. It may be worth pointing out that for the first-order derivative of W, it does
not really matter as to whether or not some continuation debt values Bt , for t ≥ 1, fall in
the region of default. For interior solutions G0 > 0, points B0 with switching continuation
debt levels Bt , t ≥ 1, from the region of no default, ∆ = 0, to the region of default, ∆ = 1,
may display kinks in the second-order derivative of W ; see Santos (1991). For the same
reason, the same computation of the first-order derivative of W will still apply for our later
framework of time-consistent policies.
Now, we can compute partial derivative WK (η0 , A0 , K0 , B0 ). Suppose that there is a
marginal increase in K0 . Then, let expression φ (η0 , A0 , K0 , B0 , τ0 , c0 , l0 ) represent the increase in the marginal utility ν 0 (G0 ) that the government can attain without changing
(c0 , K1 ), by adjusting τ0 to spend all these proceeds in G0 , and letting l0 satisfy (17). That
is, after a marginal increment in K0 expression φ (η0 , A0 , K0 , B0 , τ0 , c0 , l0 ) requires adjusting
the tax rate τ0 to collect all extra output increase, while keeping the same c0 and K1 to
preserve (16), and letting l0 obey (17). Because of distortionary taxation, l0 goes down, and
hence φ (η0 , A0 , K0 , B0 , τ0 , c0 , l0 ) will include the extra change in production together with
the utility gain in leisure. More specifically,
Proposition 2.9. (Computation of Partial Derivative WK (η0 , A0 , K0 , B0 )) Suppose that
{τt , Gt , ∆t , Bt+1 , ct , lt , it }∞
t=0 is an optimal solution. Then, at points of existence, the partial derivative,
WK (η0 , A0 , K0 , B0 ) = ν 0 (G0 ) · φ (η0 , A0 , K0 , B0 , τ0 , c0 , l0 ) .

(20)

Note that in the model without leisure (e.g., l0 = 1), we would have WK (η0 , A0 , K0 , B0 ) =
ν 0 (G0 ) · [FK (K0 , l0 ) + (1 − δ)] = u0 (c0 ) · [FK (K0 , l0 ) + (1 − δ)]; hence, ν 0 (G0 ) = u0 (c0 ). Since G0
is given by (19), optimal solution c0 is unique. In our model, the tax τ0 perturbs the optimal
tradeoff between work and leisure—albeit it is acting as a lump-sum tax on the given stock
of physical capital K0 . It follows that ν 0 (G0 ) > u0 (c0 ) for τ0 > 0.
We should remark that τ0 can be adjusted in favor of public consumption or private
consumption. Hence, (20) is not the only possible expression for this partial derivative. More
specifically, we can use a related perturbation argument involving u0 (c0 ). In between these
two extreme expressions, we can have a continuum of representations for WK (η0 , A0 , K0 , B0 )
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in terms of ν 0 (G0 ) and u0 (c0 ), and depending on the weights attached to each of these marginal
utilities.
Proposition 2.10. (Computation of Partial Derivative WK (η0 , A0 , K0 , B0 )) Under the conditions of Proposition 2.9 we have,
WK (η0 , A0 , K0 , B0 ) = ν 0 (G0 ) · τ0 · [A0 · FK (K0 , l0 ) − δ]
+u0 (c0 ) · [1 + (1 − τ0 ) · (A0 · FK (K0 , l0 ) − δ)]

(21)

WK (η0 , A0 , K0 , B0 ) = u0 (c0 ) · ϕ (η0 , A0 , K0 , B0 , τ0 , c0 , l0 ) .

(22)

The proof of this proposition is a bit more subtle because of implementability constraint (16).
To compute WK (η0 , A0 , K0 , B0 ), we find an upper envelope for value function W (η0 , A0 , K0 , B0 )
over K using a linear consumer for which constraint (16) still holds after perturbing c0 .
In (21) the tax τ0 is not adjusted, and hence only a fraction of the extra output will
be spent in G0 , while l0 remains unchanged, after the marginal increase in K0 . In (22),
expression ϕ (η0 , A0 , K0 , B0 , τ0 , c0 , l0 ) represents the change in u0 (c0 ) after an increase in
K0 in which we lower τ0 to increase c0 while (G0 , K1 ) stays fixed. Therefore, the partial
derivative WK (η0 , A0 , K0 , B0 ) can admit various representations, and so the optimal solution
(τ0 , G0 , c0 , l0 ) must be unique under general conditions. More precisely, ν 0 (G0 ) is uniquely
determined by WB (η0 , A0 , K0 , B0 ) via equation (19). To determine (τ0 , c0 , l0 ) we can use
systems involving the following three equations:
ϕ (A0 , K0 , B0 , τ0 , c0 , l0 )
ν 0 (G0 )
=
>1
0
u (c0 )
φ (A0 , K0 , B0 , τ0 , c0 , l0 )

(23)

WK (η0 , A0 , K0 , B0 ) = ν 0 (G0 ) · τ0 · [A0 · FK (K0 , l0 ) − δ]
+u0 (c0 ) · [1 + (1 − τ0 ) · (A0 · FK (K0 , l0 ) − δ)]

(24)

(1 − τ0 ) · A0 · FL (K0 , l0 ) · Uc0 = hl0 .

(25)
1+χ

Proposition 2.11. (Uniqueness of the Optimal Policy) Let U (c, l) = u(c) − γl · l1+χ , where
u(·) is increasing, strongly concave, and differentiable, and χ > 0. Let F (K, l) = A·K α ·l1−α ,
for 1 > α > 0, and δ = 1. Assume that 1 − 2α − χ ≤ 0. Then, at almost all points
(η0 , A0 , K0 , B0 ) , the optimal solution (τ0 , G0 , c0 , l0 ) for the Ramsey optimization problem
(11), is unique and continuous.
Corollary 2.12. (Monotonicity of the Wedge from Distortionary Taxation) Under the con0
0)
ditions of Proposition 2.11 the wedge in (23) from distortionary taxation, νu0(G
> 1, is
(c0 )
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increasing in τ0 > 0.
As is well known from the business cycle literature, in models of economic growth the
first-order conditions may become highly non-linear in (τ0 , c0 , l0 ). Hence, the uniqueness of
(τ0 , c0 , l0 ) is only known to hold in some simple cases. The tax distortion becomes smaller
under a higher capital share, α, and a less elastic labor supply, χ. Therefore, condition
1 − 2α − χ ≤ 0 in Proposition 2.11 limits the size of the tax distortion and insures that the
wedge in (23) is monotonic in τ0 . In (23), it is convenient to view l0 as a function of u0 (c0 )
and τ0 so that we do not need to impose any further restrictions on u(·). Again, proofs of
these results have been gathered in the Online Appendix.
The continuity property in Proposition 2.11 follows from the theorem of the maximum
[Stokey, Lucas, and Prescott (1989)] since the correspondence of optimal solutions must
be upper hemi-continuous. Hence, this correspondence is continuous at those points in
which it is single-valued. More specifically, assume that (τ0 , G0 , c0 , l0 ) is the unique optimal
solution for (η0 , A0 , K0 , B0 ) . Suppose that the sequence {(η0n , An0 , K0n , B0n )}∞
n=1 converges to
n
(η0 , A0 , K0 , B0 ). Then, every sequence of associated optimal solutions, {(τ0 , Gn0 , cn0 , l0n )}∞
n=1 ,
must converge to (τ0 , G0 , c0 , l0 ) .

2.5

Sources of time inconsistency

Commitment to a policy plan can allow the Ramsey government to anchor favorable bond
prices, and to stimulate investment and employment. Hence, in choosing the current policy—
and the expected path for future policies—the sovereign must figure out the optimal responses
for the private sector and the international lending sector. Once all these other agents have
decided upon their optimal strategies, however, there could be incentives to deviate from
the originally proposed policy. This is just the time-inconsistency problem for the Ramsey
planner as initially posed by Kydland and Prescott (1977) and Calvo (1978).
In our model, there are two sources of time inconsistency: (i) Sovereign debt with the
option to default. The government will be tempted to disavow debts inherited from the
past. (ii) Distortionary taxation. The government will be tempted to announce low taxes
to stimulate economic activity.
It is generally recognized that there are no good commitment technologies to sustain
time-consistency [cf. Persson, Persson, and Svensson (2006)]. This leaves us with two alternatives to analyze optimal debt and taxation policies: (i) Markov Perfect Equilibrium
(MPE). All decision variables are functions of economic fundamentals; i.e., government policies are Markovian, and so time consistent by construction. (ii) Sustainable Sequential
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Equilibrium. This is a broader equilibrium concept comprising various types of credible economic policies—often supported by some forms of reputation, retaliation, and cooperation
acting as substitutes for commitment.7 As discussed below, both equilibria (i)-(ii) face their
computational challenges in macroeconomic modeling. The MPE is only known to exist in
some basic settings. The numerical implementation of the full range of sustainable sequential
equilibria has been limited to just a few macroeconomic applications.

3

The Economy Without Commitment

Rather than a grand policy plan stretching over the entire time horizon from t = 0, we now
assume that at each state of the economy, θt = (ηt , At , Kt , Bt ) , the sovereign is not longer
restricted to honor debt and tax commitments inherited from the past. Policies must be
self-enforced—ruling out strategies that will never be implemented. This section is devoted
to the formulation, existence, and numerical computation of the Markov Perfect Equilibrium
(MPE) for our economy.
The MPE formalizes the idea of time consistency for Markovian strategies, and postulates
time-invariant policies depending on pay-off relevant states. This equilibrium concept is
attractive in macroeconomics because it does not condition on past histories and agents’
preconceptions, and hence it should be most amenable to computation. Strategic behavior
arises from the interplay of the sovereign’s actual policies, the perceived future policies,
as well as the current actions and expectations of the private sector and the international
lending sector. Technically, we are searching for a fixed point in the policy space in which
the actual policy must be equal to the perceived future policy. Besides, the equilibrium
requires to satisfy some additional conditions as a result of optimal behavior and market
clearing. The exact timing of agents’ strategies may matter for the equilibrium outcome [cf.,
Ortigueira and Pereira (2021)].

3.1

Markov Perfect Equilibrium

Formally, our economy can be thought of as a sequential game with infinite planning entities.
At every state θt the current sovereign moves first, and announces taxes and debt commit7

In a canonical Keynesian model, Dong and Young (2020) compare various time-consistent monetary
policies over the full range of sustainable sequential equilibria. The MPE (or full-discretion equilibrium)
appears to be closer to the worst sustainable sequential equilibrium outcome than to the best sustainable
sequential equilibrium outcome.
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ments. Then, the private sector and the international lending sector follow upon current
policies, and guess a future time-invariant policy. For notational convenience, we drop the
time subscript t whenever possible, and x+ will denote the next future value of variable x.
Recursive representation of equilibrium for the private sector. The representative household starts the economy with k units of capital, and observes the state of
the economy, θ = (η, A, K, B). The household perceives a time-invariant policy: Λ̃ =
(τ (θ), G(θ), ∆(θ), B+ (θ)), a transition function for state variables (η+ , A+ , K+ ) = Φ(θ), and
the path of factor prices (r(θ), w(θ)), depending on the vector of states of the economy θ.
The maximization problem of the household is represented as follows:
(P-1)
n
o
V (θ; Λ̃) = max U (c, G) − h(l) + β · EV (θ+ ; Λ̃+ )

(26)

ΠY,t + [(1 − τ ) · (r − δ) + δ] · k + (1 − τ ) · w · l ≥ c + i

(27)

{c,l,i}

subject to

(1 − δ) · k + i ≥ k+

(28)

(η+ , A+ , K+ ) = Φ(θ)

(29)

k+ ≥ 0.

(30)

Profit maximization implies:
r = (1 − η · ζ(A)) · A · FK (K, L)

(31)

w = (1 − η · ζ(A)) · A · FL (K, L).

(32)

And market clearing implies:
K=k

(33)

L=l

(34)

(1 − η · ζ(A)) · A · F (K, L) = c + i + G + N X.

(35)

 
 
 

For a given policy Λ̃(θ) and factor prices (r(θ), w(θ)), let c θ; Λ̃ , l θ; Λ̃ , i θ; Λ̃
be the optimal choices of the representative household.
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Recursive representation of equilibrium for the international lending sector. External creditors observe the state of the economy, θ = (η, A, K, B), and perceive a timeinvariant policy, Λ̃ = (τ (θ), G(θ), ∆(θ), B+ (θ)), and a transition function for the state variables, (η+ , A+ , K+ ) = Φ(θ). Pricing by arbitrage results in the pricing rule:

q̃(θ) =



˜+ · κ
E 1−∆
1 + r̃

.

(36)

Recursive representation of equilibrium for the sovereign. For a perceived future
8
policy, Λ̃, let W̃ (θ; Λ̃) be thecontinuation
value function for the sovereign

 generated
  by Λ̃, 

under fixed-point solution V θ; Λ̃ to problem (P-1) and optimal choices c θ; Λ̃ , l θ; Λ̃ , i θ; Λ̃
for the representative household. Then, the sovereign must choose a current policy Λ̂ =
(τ, G, ∆, B+ ) to maximize social welfare:
(P-2)
o
n
(38)
Ŵ (θ; W̃ , Λ̃) = max
U (ĉ, G) − h(ˆl) − ∆ · ϑ + β · E∆˜ + W̃ (θ+ ; Λ̃+ )
{τ,G,∆,B+ }

subject to feasibility and budget balance constraints:
ĉ + î + G + N X ≤ (1 − η · ζ(A)) · A · F (K, L)
G + (1 − ∆ · κ) · B ≤ τ · ((1 − η · ζ(A)) · A · F (K, ˆl) − δ · K) + q̂(θ) · B+


˜
E 1 − ∆+ · κ
q̂(θ) =
1 + r̃
(η+ , A+ , K+ ) = Φ̂(θ)

(42)

B+ ∈ Ω (η+ , A+ , K+ ) .

(43)

(39)
(40)
(41)

Remark 3.1. In problem (P-2) the sovereign adjusts fiscal variables rather than resource
allocation, and the private sector and the international lending
 sector follow upon these new
policies to select optimal choices. More specifically, ĉ, ˆl, î are equilibrium values for the
8

The continuation value function is defined as W̃ (θ) =




W̃ R (θ), W̃ D (θ) , where W̃ R represents the

value for the government to repay and W̃ D (θ) represents the value for the government to default, for default
labels η = 0 and η = 1. See the Appendix. E∆+ will denote the expectations operator after inferring the
default decision from these value functions:
(
0, W̃ R (θ) ≥ W̃ D (θ)
∆+ (θ) =
(37)
1, W̃ R (θ) < W̃ D (θ).
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private sector under current policy Λ̂ and perceived future policy Λ̃. Likewise, q̂ is the equilibrium pricing rule for the international lending sector under current policy Λ̂ and perceived
future policy Λ̃; Φ̂(θ) is the equilibrium law of motion for the current period under Λ̂ and
Λ̃; and the set Ω for the next period is determined by Λ̃. Therefore, the current sovereign
takes into account the optimal response of the future government, as well as the impact of
current and perceived future policies on the competitive equilibrium of the private sector and
the price of external debt.
Certainly, (P-2) is a first step to resolve the time-inconsistency problem in a general
equilibrium framework because incoming ruling entities only care about the given state of
the economy without further consideration to past policies. More formally,
Definition 3.2. (Markov Perfect Equilibrium) An MPE for the above economy over the
given set of state variables
function (η+ , A+ , K+ ) =
 θ = (η, A,
 K, B)
 isdefined
 by
 a transition

Φ(θ), optimal solutions V (θ; Λ̃), c θ; Λ̃ , l θ; Λ̃ , i θ; Λ̃
in (P-1) for the representative
household, price functions (r(θ), w(θ), q(θ)) , current policy Λ̂(θ) = (τ (θ), G(θ), ∆(θ), B+ (θ))
and current value function Ŵ (θ; W̃ , Λ̃) in (P-2) for the sovereign, perceived future policy Λ̃
and continuation value function W̃ (θ; Λ̃), such that
1. Λ̂(θ) solves the sovereign’s problem for Ŵ (θ; W̃ , Λ̃) in (P-2);
2. The perceived future policy and continuation value function are identical to the current
ones: Λ̃ = Λ̂, W̃ = Ŵ .
 
 
 

3. c θ; Λ̃ , l θ; Λ̃ , i θ; Λ̃
solves the representative household’s problem for V (θ; Λ̃)
in (P-1) for the given prices (r(θ), w(θ)), and perceived policy Λ̃(θ);
4. q(θ) satisfies pricing rule (35) at all t ≥ 0;
5. The aggregate good and factor markets clear at all times; hence, conditions (33)-(35)
are satisfied at every t; and profits ΠY,t are maximized so that (r(θ), w(θ))) satisfy (31)
and (32).
Proposition 3.3. (Characterization of the MPE) An MPE is an optimal solution to the
following optimization program:
(P-3)
W (θ; Λ) =

max

{τ,G,∆,B+ ,c,l,i}



U (c, G) − h(l) − ∆ · ϑ + β · E∆+ W (θ+ ; Λ+ )

subject to
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(44)

c + i + G ≤ (1 − η · ζ(A)) · A · F (K, l) +

E (1 − ∆+ · κ)
· B+ − (1 − ∆ · κ) · B
1 + r̃
(1 − δ) · K + i ≥ K+

(45)
(46)

E (1 − ∆+ · κ)
G + (1 − ∆ · κ) · B ≤ τ · [(1 − η · ζ(A)) · A · F (K, l) − δ · K] +
· B+
1 + r̃

Uc = β · E [1 + (1 − τ+ ) · ((1 − η+ · ζ(A+ )) · A+ · FK+ (K+ , l+ ) − δ)] · Uc+

(48)

(1 − τ ) · (1 − η · ζ(A)) · A · FL (K, l) · Uc = hl

(49)

B+ ∈ Ω(η+ , A+ , K+ )

(50)

(47)

where Λ+ = (τ+ , G+ , ∆+ , B++ ) ≡ Λ (η+ , A+ , K+ , B+ ).

3.2

Two existence results

We shall search for a fixed point of a functional equation in (W, Λ); we need to take into
account the dependence of current choices on the perceived future policy Λ̃. We shall infer
the uniqueness of the current policy Λ̂ from the derivative of Ŵ (e.g., Proposition 2.11). For
models without taxation the derivative of W is no longer necessary, since our algorithm can
suitably be redefined in the space of value functions W , where it satisfies the contraction
property.
As in the preceding section for the Ramsey optimization problem, under standard regularity conditions the value function, W (θ), is continuous and the correspondence of optimal
policies, Λ(θ), is upper hemi-continuous. Furthermore, W (η, A, ·, ·), is a locally Lipschitz
mapping,9 and the correspondence of optimal policies, Λ(θ), is single-valued and continuous
at almost all θ; see Proposition 2.11. To bound the slope of W in parameter A, we may need
to impose some further assumptions on stochastic process {At }∞
t=0 . Without much restriction
∞
to generality, we can assume that {At }t=0 is a (finite) Markov chain. Alternatively, {At }∞
t=0
could be an iid process.
Let Θ be the space of state variables θ = (η, A, K, B). Assume that Θ is compact and
convex over (A, K, B). Let W be the space of all functions, W : Θ → R, which are uniformly
bounded and their directional derivatives are also uniformly bounded by some constant Lw .
Let O be the space of upper hemi-continuous correspondences Λ in Θ. We define an operator
9
The results of the preceding section apply directly to this context. Under interior optimal solutions, the
envelope theorem holds. Then, only current choices count for the computation of the derivatives of function
W ; see Remark 2.8.
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T
 from(P-3) that maps the continuation value function and perceived
 policy
 correspondence
W̃ , Λ̃ into the current value function and policy correspondence Ŵ , Λ̂ . In applications,
we would need to check that T : W × O → W × O is well defined, and all optimal solutions
lie in the interior of a given compact set. Then, the next step would be to show that T is a
continuous mapping. The existence of an MPE will thus boil down to a direct application
of the Schauder-Tychonoff fixed-point theorem.10
Existence and uniqueness of MPE. Based on the two sources of time-inconsistency
underlying our model, we present two fixed-point theorems. We first consider the general
model with taxation.
Theorem 3.4. Operator T : W × O → W × O has a fixed point (W ∗ , Λ∗ ); i.e. there exists
T
(W ∗ , Λ∗ ) such that (W ∗ , Λ∗ ) −→ (W ∗ , Λ∗ ).
For economies without taxation (wt) we define the associated operator Twt : W wt → W wt ,
Twt
where W̃ −→ Ŵ from (P-3) and W wt is the space of continuous functions W (θ) bounded
by some constant Lwt . Note that in this case, function W is just assumed to be continuous
and bounded, and hence {At }∞
t=0 can be a general Markov process.
Theorem 3.5. Let the associated operator Twt : W wt → W wt be well defined. Then, Twt is
a contraction mapping, and has a unique fixed point W ∗ ; i.e., there exists a unique W ∗ such
Twt
that W ∗ −→ W ∗ .
This theorem is fully considered in the Appendix for a version of the model of Eaton
and Gersovitz (1981) with physical capital, and in the Online Appendix for our extended
model without taxation. For both models, we provide some sufficient conditions for the
interiority of optimal consumption, c0 > 0. Without taxation we no longer differentiate
between government consumption and private consumption.
Summary of our strategy of proof and related literature. The following key steps
stand out in our strategy of poof:
• STEP 1: Characterization of an MPE as the solution of an optimization problem
with implementability constraints. This step is typical in the taxation literature, and
is needed for analytical tractability. The Online Appendix sketches a proof for the
equivalence between the MPE and the optimal solution to (P-3). If there are no
10

Again, the Online Appendix goes over the conditions underlying this fixed-point theorem.
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implementability constraints, then the fixed point W ∗ may be approximated by the
standard methods of dynamic programming in a suitable functional space.
• STEP 2: Sufficient conditions for all optimal controls Ĝ and ĉ to lie in the interior of
a certain compact set. Step 2 involves some Inada-type conditions to insure this strong
interiority of optimal solutions. Again, Step 2 is quite common in many other economic applications (e.g., see the Appendix). This step allows for a simple extension of
Berge’s theorem of the maximum along the lines of Leininger (1986) and Ausubel and
Deneckere (1993). Value function Ŵ (θ) is a continuous mapping even if the correspondence of perceived future policies Λ̃ (θ) is not necessarily continuous. By the envelope
theorem, function Ŵ has well defined, bounded directional derivatives. Therefore,
Ŵ (θ) is a Lipschitz mapping in (A, K, B) .
• STEP 3: Regularity properties of envelope function Ŵ . As a strengthening of the
envelope theorem, the derivative function DŴ (θ) is well defined and continuous at
almost all points θ. Then, the generalized gradient in the sense of Clarke (1975) has
a simple and tractable form, and can be a powerful tool of analysis for non-smooth
optimization. This regularity property of non-smooth envelope functions is usually
neglected in the literature.
• STEP 4: Computation and uniqueness of Λ̂(θ) from DŴ (θ). This is yet another twist
to the envelope theorem—rather than computing the first-order derivative DŴ (θ) of
envelope function Ŵ (θ) from the optimal policy Λ̂(θ) we infer the uniqueness of the
optimal policy Λ̂(θ) from the first-order derivative DŴ (θ). This identification holds
for many models of interest; see Proposition 2.11. At every point θ in the remaining
set of zero measure in which the derivative DŴ (θ) does not exist, we redefine Λ̂(θ)
as the convex hull of the set of limit points lim Λ̂(θi ), where Λ̂(θi ) is single-valued and
θi → θ as i → ∞. This construction follows Clarke (1975), and it seems unavoidable
to allow for jumps in DŴ (θ).
• STEP 5: Existence of a fixed point (W ∗ , Λ∗ ) −→ (W ∗ , Λ∗ ) . Underlying this result we
have that value function Ŵ (θ) is a Lipschitz mapping, and the correspondence of timeconsistent policies Λ̂(θ) is closed and convex-valued in Θ, and it is generated by a set
of full measure in which Λ̂(θ) is single-valued and continuous.
T

In conclusion, under general conditions we show the existence of a fixed-point solution
(W ∗ (θ), Λ∗ (θ)) for θ in a compact set Θ, where θ = (η, A, K, B). Function W ∗ (θ) is a
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Lipschitz mapping in (A, K, B). Correspondence Λ∗ (θ) is single-valued and continuous at
almost all points θ. For all θ in the remaining set of measure zero, we follow Clarke (1975)
and redefine Λ∗ (θ) as the convex closure of all nearby limit points.11 Without taxation, we
show the existence of a unique fixed point W ∗ (θ), where W ∗ (θ) is a continuous function.
Kydland and Prescott (1977) and Calvo (1978) called attention to the problem of timeinconsistency in macroeconomics. Krusell, Quadrini, and Rios-Rull (1997), Klein and RiosRull (2003), and Ortigueira and Pereira (2021) are concerned with the computation of MPE
in various macroeconomic models of taxation, and characterize optimal equilibrium strategies
based on heuristic discussions of first-order conditions. We contribute to this literature as
follows: (i) In Theorem 3.4 we provide a reformulated version of Bellman’s principle of
optimality under a value iteration procedure that includes Λ, and (ii) In Theorem 3.5 we
show that the standard methods of dynamic programming can naturally be applied to deal
with some sources of time inconsistency. These two results bear on the computation of these
economies.
Phelps and Pollak (1968), Peleg and Yaari (1973), Bernheim and Ray (1986), Leininger
(1986) are early examples of existence of MPE in overlapping-generations models of altruism.
All these papers are restricted to one-dimensional domains, and exploit linearity and monotonicity properties of optimal policies. Leininger (1986) relies on an extended version of the
theorem of the maximum, while Bernheim and Ray (1986) introduce smooth uncertainty into
production. Similar analytical methods underlie a related branch of the literature dealing
with non-additive recursive preferences; e.g., Balbus, Reffett, and Wozny (2020), Chatterjee
and Eyigungor (2016), Krusell and Smith (2003), and Maliar and Maliar (2016). It is also
quite common to appeal to linear and log-linear MPE solutions [e.g., Cohen and Michel
(1988), Song, Storesletten, and Zilibotti (2012)]
Auclert and Rognlie (2016), Aguiar and Amador (2019), and Bloise and Vailakis (2021)
show existence and uniqueness of the MPE in the original model of Eaton and Gersovitz
(1981). Again, their proofs rely on the unidimensional nature of the state space.

3.3

Computation of Markov Perfect Equilibria

Abreu, Pearce, and Stacchetti (1990) propose an algorithm (known as the APS algorithm)
11

In other words, under operator T the maximization proceeds over a set of full measure in which the
derivative DŴ (θ) is well defined, and hence correspondence Λ̂(θ) is single-valued and continuous. These
regularity properties of Λ̂(θ) hold under general economic assumptions, and are essential for our main existence result. Indeed, under the associated regular extension of Λ̂(θ) to the whole domain Θ, we are able to
show existence of a fixed-point solution (W ∗ (θ), Λ∗ (θ)).
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for computing the set of sub-game perfect equilibrium payoff vectors in a repeated game.
The APS algorithm builds on an one-time period equilibrium operator applied to sets in
which all sustainable sequential equilibria are identified with self-generated sets under the
given operator. While the APS algorithm guarantees existence of sustainable sequential equilibria under general conditions, its numerical implementation to macroeconomic modeling
has been limited. Chang (1998) extends the APS approach to a basic monetary model, but
concludes that the challenge is to find simple and efficient computational procedures. Phelan
and Stacchetti (2001) and Feng (2015) also apply modified versions of the APS algorithm to
models with taxation, but operate with the convex hull of the equilibrium-value correspondence to speed up computations. This global convex approximation of the equilibrium-value
correspondence may considerably enlarge the equilibrium set.
All these papers fall short of what is required for the simulation of the present framework.
An MPE involves the fixed point of two related functions, W and V , a time-consistent policy
Λ and a law of motion Φ for the state variables θ, conforming an endogenous correspondence
for sustainable debt Ω, and a pricing rule q for the international lending sector. Physical
capital adds an additional endogenous state variable. Fiscal policy imposes extra non-linear
constraints on our recursive contract problem for the government as we deal with the distortionary effects of taxation over an infinite horizon, as well as the problem of time-consistency
over succeeding ruling entities. The debt haircut makes it harder to identify the set of sustainable debt policies: some debt paths may eventually become infeasible. In contrast, under
complete default and in various cases of domestic government borrowing, the sustainability
of debt policies does not even arise.
Optimization program (P-3) offers a characterization of an MPE, which is very convenient
for computation. Still, the numerical implementation of operator T must deal with some
complex issues over a relatively large state space. First, default and time-consistent fiscal
policies may generate kinks and non-convexities for value functions W and V . These envelope
functions could be hard to approximate and there could be multiple maximizers. Second,
convergence to the fixed point may be quite slow since T is not necessarily a contractive
operator. This suggests that value iteration should be complemented with policy iteration
to speed up convergence. And third, we must impose workable debt limits, but sufficiently lax
not to misrepresent the set of policies consistent with sustainable debt dynamics. External
debt, partial default, endogenous fiscal policy, production and investment make that the
equilibrium correspondence of sustainable debt Ω may not have a well-defined form, and can
be hard to encapsulate within tight bounds; Ω is an equilibrium object that depends on the
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perceived future policy. Under a predetermined haircut 0 < κ < 1 for external debt, there
may not exist a viable government policy choice that satisfies the resource constraint (47)
when B is sufficiently large.12 We find the endogenous debt limit as
(1 − ∆t · κ) · Bt ≤ E

∞
X
Tt+s − Gt+s
s=0

(1 + r̃)s

!
< ∞.

(51)

Proposition 3.6. (Characterization of the Endogenous Debt Limit) Let Ω(η, A, K) be the
set of MPE debt levels B ≥ 0 for the sovereign for initial condition (η, A, K). Assume that
production function F (K, L) is concave, A is bounded, and limK→∞ A · FK (K, L) < δ for all
A and L. Then, the set Ω(η, A, K) is bounded above. Moreover, Ω(η, A, K) is compact over
all B ≥ 0 if the utility function U (c, G) − h(l) is bounded below.
With these preliminaries, we now pass to explain the numerical implementation of the
algorithm. Further technical details can be found in the Online Appendix. From (P-3), the
current sovereign needs to forecast the paths of taxation, and default decisions by future governments, as well as the private sector’s optimal decision rules for these given policies. Then,
the bond price13 is calculated from (41). We therefore start the algorithm with the following
objects: (i) An initial guess for the continuation sovereign’s value function W̃ and perceived
future policy Λ̃; (ii) An initial guess for the representative
optimal
  household’s
 

 decision
  rules

as equilibrium functions of the state of the economy, Ṽ θ; Λ̃ , c θ; Λ̃ , l θ; Λ̃ , i θ; Λ̃ ;
and (iii) An initial guess for the equilibrium correspondence of sustainable debt Ω.
We then update (i)-(iii) at each iteration under an inner loop and an outer loop. In the
inner loop we compute problem (P-3) via a numerical operator T. We get a new set of policy
and value functions for the government and optimal choices for the representative household,
which are subsequently used to replace
future policy and continuation value
 the perceived

R
D
functions. The set of value functions W̃ , W̃
determines the sovereign’s default decision.
In the outer loop, we calculate Ω via a self-generating operator similar to Feng et al. (2014).
For any given (η, A, K), this operator identifies all debt levels B that are admissible with
respect to a candidate sustainable plan for the given equilibrium value and policy functions.
Both inner and outer loops have to be monitored and checked for consistency. That is, at
12

Similarly, for an endogenous haircut (as in some formulations with Nash-bargaining; e.g., Yue (2010))
the choice of κ has to be made over the set of sustainable debt plans. One should nevertheless realize that
this latter set cannot be prespecified, since it is an equilibrium object that depends on future perceived
negotiations between the sovereign and foreign investors. This technical issue has been overlooked in the
literature.
13
With a long-term bond, we also include the perceived bond pricing function in the next period.
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each iteration we must ensure that the value and policy functions are defined over a properly
specified state space for debt, while Ω conforms with the approximated equilibrium value
and policy functions. The process stops when we find convergence in the sovereign’s value
function and perceived future policies as well as correspondence Ω.

4

The Baseline Economy

To guide our quantitative exercises, we begin with a brief discussion of some empirical
regularities about the time of default. We then explore the equilibrium dynamics of various
economic aggregates. The model economy performs well on various dimensions, but generates
large fiscal deficits.

4.1

Some empirical regularities

The Online Appendix collects our data sources and reports on additional properties of the
equilibrium dynamics under further changes in parameter values. We gather data from
16 default events in the 1990-2010 period. We choose this time period because the default
episodes of the 1990s represent a substantial departure from historical experience [cf. Chuhan
and Sturzenegger (2005)]. The development of international financial markets has changed
the landscape of country risk exposure. By and large, these sovereign defaults have not
heavily impacted the international financial system, and most debt resolutions have been
completed fairly quickly within a year. Sovereign default is defined as either the failure to
meet a principal or interest payment on the due date of the original terms of a debt contract
or as an exchange offer of new debt with less favorable terms than the original issue [Beers
and Chambers (2006), Cruces and Trebesch (2013)].
We get TFP data, GDP, consumption, current account balance, investment, labor hours,
fiscal balance, government spending, taxation, and the real interest rate from the World
Bank Open Data. The debt structure data is provided by Panizza (2008), whose study covers
developing countries.14 We supplement this database with Reinhart and Rogoff (2011). The
aggregate sovereign bond spread is obtained from the J. P. Morgan Emerging Markets Bond
Index (EMBI+) for Argentina (1994Q1-2002Q2) and Ecuador (1996Q2-1999Q2). For all the
other countries in our sample, we obtain the aggregate sovereign bond spread from interest
14

In Panizza (2008), the external debt is defined as the debt owned by non-residents. This is consistent
with the definition adopted by The External Debt Statistics: Guide for Compilers and Users, published by
BIS, Eurostat, IMP, OECD, and the World Bank.
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data of the Database of Fiscal Space by Kose et al. (2017).
In our quantitative exercises, we target a set of basic facts from our enlarged database
which have been mostly discussed in the existing literature; see Aguiar and Amador (2014),
Arellano (2008), Mendoza and Yue (2012), and Uribe and Schmitt-Grohe (2017). Default
occurs after a relative long period of output contraction, and it comes in the form of debt
write-downs and restructurings rather than complete debt cancellations. During the five
years before default, output falls by a cumulative average factor of about 7.5 percent, and
then there is no tendency to recover. Similarly, TFP, capital accumulation, and employment
mainly decline before default. The total private consumption share stays roughly constant.
The current account balance remains flat around the time of default.
The total debt-to-GDP ratio increases to 78 percent at the time of default, while the
haircut is about 38 percent. The average sovereign bond spread increases to about 4,000
basis points for external debt. Before default, internal debt is slightly more expensive; after
default, there is a reversal in the spread of about 1,000 basis points against external debt
for over three years. This hints at some kind of “investment home bias” after default. Our
data also reveals that there is an observed primary fiscal deficit of 1.5 percent of GDP before
default, and a primary fiscal surplus of about 1 percent of GDP after default. These small
variations of budget balance hint at some kind of fiscal policy inertia.

4.2

Calibration

We adopt a two-step calibration procedure. We first assign parameter values to preferences
and production functions, and estimate the shock process to match the persistence and
volatility of output in our data sample. The remaining parameters are related to the costs
of default, and are obtained by a simulated method of moments (SMM) estimation.
Functional forms. Preferences are represented by the following utility functions:
G1−σ
c1−σ
+ γg ·
,
1−σ
1−σ
l1+χ
h(l) = γl ·
.
1+χ

U (c, G) =

Observe that σ is the coefficient of relative risk aversion, and χ defines the labor supply
elasticity. Parameters γg and γl are the weights of public consumption and the disutility of
labor in the one-period utility function.

26

Aggregate production is represented by the Cobb-Douglas function:
F (K, L) = A · K α · L1−α .
The TFP shock follows an AR(1) process:
log At = ρA · log At−1 + εA,t
εA,t ∼ N (0, σA2 ).
The productivity loss upon the event of default is defined as ζ(At )· At , where ζ(A) =
max (ζ1 + ζ2 · A, 0) . This captures the asymmetric output losses of Arellano (2008), and
Chatterjee and Eyigungor (2012). A convex output loss lowers the incentive to default in
high-output states, and improves the negative correlation of output with the sovereign bond
spread.
Parameter values. The following parameters {β, r̃, σ, χ, γg , γl , α, δ, ρA , σA , κ} are commonly discussed in the literature, while their values are usually selected to match some
basic data statistics. We set the discount factor β = 0.95 to match the capital-output ratio
in the benchmark economy. We let r̃ = 4% for the annual interest rate of the foreign lending
sector. We fix the degree of relative risk aversion σ = 1, and let χ = 0.32 so as to get a
Frisch labor supply elasticity equal to 2.0. Public consumption carries a weight γg = 0.222
to attain an average government spending to output ratio close to 15 percent, which is the
average level observed in our sample data. The labor weight γl = 5.905, which sets the
fraction of the labor supplied around 0.23.
We fix α = 0.34 and δ = 0.08. To match the auto-correlation and volatility of GDP, we
let the persistence parameter ρ = 0.95, and the volatility parameter, σA = 0.016.
The predetermined haircut value κ is set to 0.40. Sturzenegger and Zettelmeyer (2008)
find that the haircut ranges between 0.13 to 0.73, and Cruces and Trebesch (2013) come
up with an average haircut value κ = 0.37 after debt restructuring. In our database, the
average value κ = 0.38, with a standard deviation equal to 0.18.
The remaining four parameters related to the default cost, {ϑ, ζ1 , ζ2 , πA }, come from
a SMM estimation to target the following data statistics: a drop in output of 7.5% and
investment of 5.3% at about the time of default, and an average debt-to-GDP ratio of 80%
and a sovereign bond spread of 4, 387 basis points at the time of default; see Table 1. We get
a very small estimated default penalty, ϑ = 0.05; a productivity loss (ζ1 , ζ2 ) = (−0.69, 0.78),
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Table 1: Parameter values and targeted data statistics. Annual data.
Calibrated Parameters
β: discount factor
σ: risk aversion
χ: labor elasticity
α: capital share
γg : public consumption
γl : disutility of labor
ρ: persistence of TFP
σA : volatility of TFP
κ: haircut
Parameters Estimated by SMM
ϑ: default penalty
(ζ1 , ζ2 ): productivity loss
πA : persistence of productivity loss

Value
Targeted Data Statistics
0.95
Capital-output ratio
1.0
Standard RBC value
0.32
Frisch wage elasticity
0.34
Capital share in GDP
0.222
Government spending
5.905
Aggregate labor supply
0.95
GDP auto-correlation
0.024
GDP standard deviation
0.4
Cruces and Trebesch (2013)
Value
Targeted Data Statistics
0.05
Debt level
(−0.69, 0.78) Investment and output loss
0.15
Sovereign bond spread

meaning that the TFP loss is zero for low states and it could be up to 20% for good states, and
will be loosely referred as 0 ∼ 20%; and the probability value πA = 0.15 for the persistence
of the TFP loss.

4.3

Macroeconomic dynamics around default

With the computed equilibrium policy and value functions for our baseline economy, we generate equilibrium sample paths under different initial conditions and productivity shocks. For
our database and the simulated paths, we calculate the average evolution of our macroeconomic variables over a five-year window before and after default. In Figure 1, the dashed
lines refer to our data values and the solid lines refer to model simulations.
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Figure 1: Macroeconomic dynamics of the baseline economy.
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Macroeconomic activity. In our model, default happens when the economy has been hit
by an unfavorable TFP shock. The model replicates the drop in investment and labor supply
around sovereign default. On average, the share of total investment in GDP declines by 4.3%
(from 16.7% to 12.4%) prior to default, as opposed to 5.2% (from 23.1% to 17.9%) in the
data. Similarly, hours worked decrease by 3.5% in the baseline economy, as opposed to 4.2%
observed in the data. Hence, the model generates a smaller variability of the production
factors at the cost of a greater variability of TFP. The share of total private consumption
in GDP stays roughly constant as in the data. Our model cannot generate the decline in
private consumption after default, which may be due to structural reforms or stabilization
policies in the data.
Fiscal policy. In our model, the government runs a fiscal surplus to avoid the default cost.
The average tax rate increases from 17.1% to 21.2% during default, and public spending stays
flat. In our database, however, we can observe persistent fiscal deficits. Tax revenues and
general government consumption are mostly flat before default. More precisely, the ratio
of tax revenue to GDP decreases from 14.2% to 13.5% on average at the time of default,
and increases to 14.5% after default. The ratio of general government consumption to GDP
rises slowly from about 14% to about 15% at the time of default, and then decreases after
default. Therefore, our model points to the existence of a fiscal friction: optimal fiscal
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policies should be characterized by pronounced budget surpluses to avoid default.15 In our
model, “betting for redemption” could just be justified at times of complete default, severe
output contractions, and very temporary and rather low costs of default.
Sovereign debt. By considering partial debt repudiation, our model also replicates the
debt level. The debt-to-GDP ratio decreases from 85.1% prior the default to 78.9% at the
time of default, then gradually drops to 34.8% during the post default period. While in the
data, the debt-to-GDP ratio increases from 57.5% to 78%, and then decreases to 53.1%.
Sovereign bond spread. In our simulations the borrowing cost rises steeply to about
4,415 basis points at the time of default. As we allow for serial default without further TFP
loss, the borrowing cost drops gradually to attain pre-default levels after five years from
default. In our database, the average bond spread increases to about 4,387 basis points at
the time of default. After default, the decline of the bond spread is a bit slower than in the
model. This points to a financial friction as discussed below.
We gather all these model predictions in Table 2, where we report averages of these
variables before and after default. The most salient problem is the rather high fiscal surplus
and rising tax rate before default. In the Online Appendix we conduct an extensive sensitivity
analysis highlighting economic forces behind default:
(i) Sensitivity of equilibrium solutions to some key parameters: The debt-to-GDP ratio
and the bond spread at the time of default are quite sensitive to changes in the TFP loss, ζ,
the persistency of the TFP loss, πA , and the size of the haircut, κ.
(ii) Interactions of the bond maturity with the size of the haircut and fiscal policy: With
a long-term bond the sovereign accumulates less debt in equilibrium. The mean value and
variability of the bond spread depends on the anticipated size of the haircut κ as well as
the default cost ζ. For κ close to 1, long-term debt bears a larger spread as compared to
short-term debt, but for κ close to 0 this gap may vanish. With short-term debt, fiscal policy
is usually counter-cyclical; with long-term debt, fiscal policy may become pro-cyclical.
(iii) The volatility of consumption and the bond spread : Our baseline economy generates
both low volatilities of consumption and low mean spreads outside these default episodes.
Our basic framework assumes a constant interest rate r̃ for external debt and lacks some
15

Paluszynski and Stefanidis (2020) argue that the rigidity in employment for the public sector can explain
why the government increases debt borrowing prior to default even if the bond spread rises. In our setting,
however, the sovereign could increase tax revenues to finance public spending and avoid default.
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Table 2: Macroeconomic dynamics around default
Statistics
Mean value
GDP growth
private consumption GDP
investment
hours worked
tax revenue
public consumption
debt to GDP ratio
sovereign spread (bpts)

Overall
Data Baseline

Pre Default
Data Baseline

Post Default
Data Baseline

-0.96
68.4
21.03
22.17
15.28
14.06
57.22
1868

-0.61
67.2
23.11
22.3
15.5
14.6
57.5
998

-0.91
67.6
19.29
21.9
15.76
13.8
53.1
2269

-0.76
67.5
15.9
23.9
16.6
13.2
62.0
1762

-0.23
66.3
15.3
23.8
18.4
13.2
85.1
1765

-1.1
68.8
17.2
24.1
13.9
13.7
37.8
1229

monetary and financial transmission mechanisms which may be relevant sources of volatility
at medium-term frequencies.

5

Extensions

We now incorporate some extensions to the above tractable framework. We eliminate the
intangible loss of utility parameter (i.e., ϑ = 0). We assume that TFP declines before default,
and acknowledge the existence of fiscal and financial frictions that may replicate better the
downward trend of real aggregates, and may increase the persistence of the sovereign bond
spread. Labor wage rigidity and monetary policy may exacerbate these effects.
The time profile of the TFP loss. TFP may start declining a few years before default
until it reaches about 91 percent of the peak value; then, it begins a slow recovery after
default. Empirically, we have observed that TFP starts to decline for debt levels close to
80 percent of the default cutoff value.16 This threshold value for the TFP drop is roughly
reached about four years before default. Indeed, a high probability of default may lead
to higher interest rates, and may discourage bank lending, the arrival of new firms, and
investments in physical and organizational capital; cf., Arellano, Bai, and Bocola (2017),
Bocola (2016), and Perez (2018). We will therefore fit the evolution of TFP to the data; see
Figure 2(a).
16

This default cutoff value is measured as the observed average debt-to-GDP ratio at the time of default
for all default episodes in our sample data. In our model, the default cutoff value is endogenous. Hence,
we integrate this feedback effect of pre-default TFP loss on the default decision. Accordingly, the numerical
algorithm has been modified to search for a fixed point of the default cutoff value.

31

Fiscal policy inertia. To circumvent sharp changes in taxation and fiscal balances as
prescribed by optimal fiscal policies, we can impose a cap on the tax rate, τ , or limit its
rate of growth. In fact, we consider a much simpler exercise in which the tax rate is set
to τ = 0.16, and total government expenditure is also constant and equals 0.15 of GDP.
Therefore, this constant policy generates a one-percent primary fiscal surplus at all times,
and should therefore have neutral effects on the dynamics of consumption, investment, and
employment.
Financial friction. After default, credit default swaps for external debt go up well beyond
domestic rates. This added risk premium on external debt appears to be long lasting, and
could be a reflection of the “investment home bias” after a reputation loss upon default.
We shall require the sovereign to pay a premium for borrowing after default. The price of
the bond in the post-default era includes a wedge µ which captures the increased spread for
external debt:
E (1 − ∆+ · κ)
.
q x = (1 − µ) ·
1 + r̃
As with the TFP loss, the additional cost of borrowing µ will be lifted with probability
πA at every date after default. This persistent wedge from borrowing in the international
financial market can be documented from several sources. From the Emerging Market Bond
Index Global (EMBIG), after default there is a reversal in the spread of external debt over
domestic debt of about 1,000 basis points for over three years. Hence, we let µ = 0.25.
Wage rigidity. The loss in both TFP and physical capital investment will affect the productivity of labor. But in reality, the real wage hardly goes down in these default episodes;
e.g., see Na et al. (2018). Figure 2(a) plots the evolution of TFP in the data and in our
extended model, and Figure 2(b) plots the evolution of observed labor productivity against
the observed real wage. For the computation of labor productivity in our Cobb-Douglas production, we plug in the laws of motion of TFP, physical capital, and labor from our dataset.
We can see that at the time of default the real wage is about 25 percent higher than labor
productivity. About half of this wage gap can be attached to the loss in labor productivity
because of declining TFP and physical capital, and the other half can be attached to the
increase in the real wage over time. We incorporate this wage-productivity gap into this
extended version of our model.
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Figure 2: The gradual decline in TFP and the wage-productivity gap.
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Figure 3 displays the evolution of our economic variables in both the baseline economy
and the extended model. As we can see, we get a better model’s performance regarding
the variations in investment and hours worked. Hence, this numerical exercise confirms
that the main predictions of the model do not hinge upon the intangible utility loss ϑ and
the distortionary effects of the optimal fiscal policy. In the extended model, the decline in
consumption, investment, and hours worked should be attributed to the gradual loss in TFP,
the downward rigidity of the wage, and the financial friction. The bond spread peaks up to
4,215 basis points, which is about 150 basis points lower than in the data. Then, it declines
more slowly than in the baseline economy.
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Figure 3: The baseline economy, and an extended model with a gradual decline in TFP,
fiscal and financial frictions, and a wage-productivity gap.
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Concluding Remarks

In this paper we present a quantitative framework for sovereign default with physical capital accumulation and endogenous labor participation. The government issues debt in the
international bond market and collects taxes to provide for public consumption. These extensions of the prototypical model of sovereign default are in line with standard practices in
macroeconomic modeling as well as data gathering from the National Accounts.
We study the equilibrium dynamics about default for output, consumption, investment,
labor, the debt-to-GDP ratio, and the bond spread. We perform various comparative statics
exercises for exogenous changes in TFP, the debt maturity, and the expected haircut. We
also assess the role of some real and financial frictions: fiscal policy inertia, an increased risk
premium after default, and wage rigidity.17
From the theoretical side, we rely on a vast literature on generalized envelope theorems. The sovereign’s value function is differentiable at almost all points, and the derivative
function is continuous at those points of existence. This entails that the correspondence
of time-consistent policies is single-valued and continuous at almost all points. (Multiple
solutions may only happen in a set of measure zero, where at each point over this null set
we redefine this correspondence as the convex closure of all its limit points.) Under these
regularity properties for time-consistent policies, we show existence of a Markov Perfect
Equilibrium (MPE) for our economy. The method of proof builds on an extended value
iteration algorithm, and lays the foundations for the numerical simulation of the model.
Without taxation the sovereign’s value function is unique. Although sovereign default is a
source of time inconsistency, we can still recover the contraction property of an associated
dynamic programming operator.
Our results on the differentiability of the value function bear on many other economic
applications. First, non-convex and non-smooth optimization may originate from a discrete
choice among a finite set of alternatives. Thus, a firm may have the option to incur in
a state of bankruptcy, and a worker may separate from work and engage into schooling.
In our model the sovereign has the option to default on external debt commitments. The
differentiability of the sovereign’s value function is useful to study the equilibrium dynamics
and to identify the distortionary taxation wedge. Second, time inconsistency pervades various
areas of economics and policy; e.g., competition and patent laws, building overcapacity and
17

Our model, however, is missing monetary and exchange rate policy and additional sources of financial
disturbance which may contribute to a better account of the volatilities of real aggregates, the debt-to-GDP
ratio, the bond spread, and fiscal policy.
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holdup problems, public investment, climate change, and monetary policy. Computational
work in these areas should contribute to a better understanding of the welfare and allocation
effects of time-consistent economic policies.
The large variation of debt-to-GDP ratios and sovereign bond spreads across countries
seems quite puzzling. Some less developed economies may be exposed to repeated defaults,
while advanced economies are supported by strong institutions and sophisticated taxation
and financial systems, and so they may have to face very adverse costs upon default along
with rather small acceptable debt haircuts.18 Our various numerical exercises should enlighten our understanding of the magnitude of these costs across countries. As illustrated in
our numerical exercises, default costs can be exacerbated by real and financial frictions; e.g.,
a limited political ability for adjusting tax revenues and public expenditures, the worsening
of credit conditions for external debt surrounding default, and wage rigidity.
18

Japan can bear a sovereign debt-to-GDP ratio of about 260 percent under a very low credit spread.
The most recent Argentinean peso and debt crises evidenced rather small productivity losses because of the
dollarization of the economy and their relatively low dependency on the domestic banking system. Likewise,
in the past European debt crisis, some peripheral countries (e.g., Ireland, Portugal and Spain) saw dramatic
increases in their sovereign bond spreads, but their debt-to-GDP ratios were quite commensurate to the core
countries (France and Germany). Investors may have perceived higher probabilities of separation from the
Euro area for these satellite economies.
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Appendix
Proofs of our Main Results
Mathematical preliminaries. Following Clarke (1975), the generalized gradient of a
function f at x, denoted ∂f (x), is the convex hull of the set of limits of the form: lim ∇f (x +
hi ) for hi → 0 as i → ∞, where ∇f (x) is the gradient vector of f at x. Hence, the generalized
gradient is an extension of the canonical subdifferential of convex analysis to non-smooth
optimization. By Proposition 2.6, the generalized gradient of envelope function Ŵ has some
very desirable regularity properties. Namely, at almost all points θ in which such derivative
value ∇Ŵ (θ) does exist, the generalized gradient ∂ Ŵ (θ) is single-valued, continuous, and
equal to the gradient vector ∇Ŵ (θ). Then, we infer the uniqueness of the optimal policy Λ̂(θ)
from ∇Ŵ (θ). That is, we assume that the conditions are met for Λ̂(θ) to be single-valued;
see Proposition 2.11. At all other points θ in a remaining set of measure zero, we redef ine
Λ̂(θ) as the convex hull of the set of limit points of the form: lim Λ̂(θ + mi ) for mi → 0 as
i → ∞, for all θ + mi where ∇Ŵ (θ + mi ) does exist, and so Λ̂(θ + mi ) is single-valued.




T
Operator T. From (P-3), we let W̃ , Λ̃ −→ Ŵ , Λ̂ . As already discussed, Ŵ (θ) =


Ŵ R (θ), Ŵ D (θ) , where Ŵ R represents the utility value for the sovereign to repay and
Ŵ D (θ) represents the utility value for the sovereign to default, for default labels η = 0
and η = 1. It follows that operator T can actually be broken down into four operators
for strategies R and D, and labels η = 0, 1. There are two further qualifications in the
definition of T. First, it should be understood that at points in which Λ̃ is multi-valued,
the optimization under T proceeds using the most favorable policy (i.e. the most favorable
selection of Λ̃). Second, as explained above the correspondence of optimal policies Λ̂ is
constructed from the generalized gradient ∂ Ŵ at those points θ in which the derivative
DW (θ) does exist.
Theorem 3.4
Proof. The proof follows from some simple claims which for the most part have already been
discussed.
(i) By assumption, operator T is well defined over compact set W ×O. This is the starting
point of our exercise. In most economic applications (e.g., see below) there is no loss of
generality to limit the state space to a compact capture region Θ containing the ergodic
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set. Moreover, by the envelope theorem, under this strong interiority for optimal solutions,
every given value function W is bounded with uniformly bounded directional derivatives.
The set W of uniformly bounded Lipschitz functions W : Θ → R with uniformly bounded
directional derivatives is a compact space in the sup norm, and the set O of upper hemicontinuous correspondences Λ in Θ is a compact space in the metric of the Hausdorff distance
[Hildenbrand (1974),
 p. 16].



T
(ii) Operator W̃ , Λ̃ −→ Ŵ , Λ̂ is a continuous mapping, and has a fixed point
T

∗
∗
(W ∗, Λ∗ ) −→
 (W , Λ ). For interior optimal solutions, one can readily see that operator W̃ , Λ̃ → Ŵ is continuous. Also, using arguments along the lines of the theorem of


the maximum [e.g., Stokey, Lucas, and Prescott (1989), Ch. 3], operator W̃ , Λ̃ → Λ̂
n o∞
n o∞
is upper hemi-continuous; i.e., lim sup Λ̂n
⊂ Λ̂ for Λ̂n
generated by a sequence
n=1
n=1
n
o∞




W̃n , Λ̃n
converging to W̃ , Λ̃ . We now claim that this latter operator W̃ , Λ̃ → Λ̂
n=1




n
o∞
T
is continuous. Indeed, let W̃ , Λ̃ −→ Ŵ , Λ̂ . Consider a sequence (W̃n , Λ̃n )
con

n
o∞
n=1 
verging to W̃ , Λ̃ . Then, the associated sequence (Ŵn , Λ̂n )
must converge to Ŵ , Λ̂ .
n=1

For if not, by taking a suitable subsequence
necessary, there is a point y ∈ Λ̂(θ) for
n ifo∞
some given θ that can be separated from Λ̂n
. But this is impossible because Λ̂(θ)
n=1

is single-valued at almost all points, and every point y ∈ Λ̂(θ) can be approximated as a
convex combination of a finite number of points yi = Λ̂(θ + mi ), where Λ(θ + mi ) is singlevalued, and small mi . Therefore, by the Schauder-Tychonoff fixed-point theorem, operator
T : W × O → W × O has a fixed point (W ∗ , Λ∗ ).

The Eaton-Gersovitz (EG) model with physical capital
The small open economy is populated by a continuum of identical households. The sovereign
maximizes the country’s welfare, and has the option to honor (∆t = 0) or not to honor
(∆t = 1) the existing debt, Bt , for t = 0, 1, 2, · · · . Physical capital Kt is the only factor in
the production of output, Yt = At · f (Kt ); stochastic variable At refers to the TFP index
(t = 0, 1, 2, · · · ) associated with production function f .
The sovereign can issue a one-period bond in the foreign lending market. If the sovereign
decides to default (∆t = 1), then the entire debt is written off, and the country will be
permanently shut off from international financial markets. That is, κ = 1, and autarky is
an absorbing state. Since there are no other associated costs in Eaton and Gersovitz (1981),
the EG-reservation utility of defaulting is just the utility value of autarky.
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We assume a constant interest rate, re > 0, for the international lending sector, at all
times, t ≥ 0. Foreign creditors are risk neutral and maximize expected profits, Πf,t =
E[(1−∆t+1 )·Bt+1 ]
− qt · Bt+1 ; hence, the following no-arbitrage condition must hold:
1+r̃
qt =

E (1 − ∆t+1 )
.
1 + r̃

(52)

The utility value of autarky V A (At , Kt ) is calculated from the maximization program:
V A (At , Kt ) =

max

{ct+s ,Kt+s+1 }∞
s=0

Et

(∞
X

)
β s · U (ct+s )

(53)

s=0

s.t. ct+s + Kt+s+1 ≤ At+s · f (Kt+s ) + (1 − δ)Kt+s ,

(54)

for s = 0, 1, · · · . Accordingly, the dynamic programming operator TEG
η=1 for autarky is defined
as:
 
A
V̂ A (A, K) = TEG
(A, K)
η=1 Ṽ

(55)

n
o
A
= max U (A · f (K) + (1 − δK) − K+ ) + β · E Ṽ (A+ , K+ ) .
K+

(56)

R
Similarly, we need to calculate the utility
 repay, W (A, K, B). The dynamic
 value from
R
A
into Ŵ R . More precisely,
programing operator TEG
η=0 for repay maps W̃ , Ṽ



R
A
Ŵ R (A, K, B) = TEG
W̃
,
Ṽ
(A, K, B)
η=0
n
n
n
ooo
= max
U (c) + β · E max W̃ R (A+ , K+ , B+ ), Ṽ A (A+ , K+ )
{c,K+ ,B+ }

(57)
(58)

subject to
c + K+ + B ≤ A · f (K) + (1 − δ)K +

E (1 − ∆+ )
· B+ ,
1 + r̃

(59)
(60)
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where

0, W̃ R (A , K , B ) ≥ Ṽ A (A , K )
+
+
+
+
+
∆+ =
1, W̃ R (A , K , B ) < Ṽ A (A , K ),
+

+

+

+

(61)

+

Note that expression (61) simply spells out the sovereign’s option to default.
For the sake of the presentation, we now state some simple standard assumptions to ensure
that the set of feasible states is compact, the feasible consumption set is bounded, and the
optimal consumption lies in the interior for every initial condition K > 0.
Assumption 6.1
(Some Simple Standard Assumptions I)
1. {At }∞
t=0 is a stationary Markov process with a transition function Q(θ, ·) satisfying the
Feller property; e.g., Stokey, Lucas, and Prescott (1989), Ch. 8. There are constants
A, A > 0 such that A ≥ At ≥ A > 0 for all realized values At , all t ≥ 0.
2. U (c) is increasing, concave, and continuously differentiable; U (0) = 0; lim U 0 (c) = ∞
as c → 0.
3. f (K) is increasing, concave, and continuously differentiable; f (0) ≥ 0; lim f 0 (K) = ∞
as K → 0; lim f 0 (K) = 0 as K → ∞.
As before, let Θ be the space of all feasible vectors of the form θ = (η, A, K, B). Again,
η ∈ {0, 1} specifies the default label. In this model, η = 0 means access to foreign credit and
η = 1 means autarky. Furthermore, η evolves according to the recursion:
η+ = η + ∆ ≤ 1,

(62)

and so η = 1 is an absorbing state. Under these simple assumptions there is no restriction
to generality to limit the state space Θ to a compact set with suitable upper bounds K, and
B; we can also fix an upper bound for consumption c, and a lower bound for debt B ≤ 0;
by assumption, A ≥ A > 0, K = 0 and c = 0.

Let W (0, A, K, B) = W R (A, K, B), V A (A, K) , and W (1, A, K, B) = V A (A, K). Let

(c)
EG
EG
TEG = TEG
. Let W EG be the space of continuous functions W (θ)
= U1−β
η=0 , Tη=1 . Let L
TEG

bounded by LEG . Then, W̃ −→ Ŵ is well defined. That is, TEG : W EG → W EG , and the
maximum is always achieved.
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We now show that the EG-operator TEG is a contraction mapping, and so it has a
unique fixed point W ∗ . As Aguiar and Amador (2019) point out, the main technicality lies
+)
in constraint (59) since expression E(1−∆
depends on the future decision to default. We
1+r̃

EG
circumvent this technicality under operator TEG = TEG
η=0 , Tη=1 .
Theorem 6.1. The EG-operator TEG : W EG → W EG is a contraction mapping. Hence,
TEG
TEG has a unique fixed point W ∗ ; i.e., there exists a unique W ∗ such that W ∗ −→ W ∗ .
Moreover, for all θ = (η, A, K, B) ∈ Θ with K > 0 and suitable B, the optimal consumption
choice must be positive, c > 0.
Proof. Assume that W 1 ≤ W 2 . Clearly, TEG (W 1 ) ≤ TEG (W 2 ). Let a ≥ 0. Then
TEG (W + a) ≤ TEG (W ) + βa. Indeed, both the set of feasible choices and the decision

to default ∆+ remain the same under W and W + a = W R + a, V A + a . Therefore, the
EG-operator TEG satisfies Blackwell’s sufficient conditions for a contraction, and must have
a unique fixed point W ∗ ; see Stokey, Lucas, and Prescott (1989), Ch. 3.
Let θ = (η, A, K, B) with K > 0. By the above assumptions on the derivatives U 0 (0) and
f 0 (0), every optimal consumption choice must lie in the interior, c > 0, provided that B is
small enough.
The Online Appendix details the workings of an associated dynamic programming operator for our baseline economy without taxation, Twt : W wt → W wt . The above assumptions
on the utility and production functions, U, f , can be suitably relaxed. If the utility function
U (c) is unbounded below, then the optimal consumption choice must be positive, c > 0.
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A

The Baseline Model without Taxation: Uniqueness
of a Markov Perfect Equilibrium

We now consider the model in Section 3 without taxation (wt), τt = 0, and hence without
public spending, Gt = 0. We show that a suitable dynamic programming operator Twt
satisfies the contraction property.

wt
wt
wt
The wt-operator Twt is made up of four dynamic programming operators Twt
R,0 , TR,1 , TD,0 , TD,1


in the space of functions W = W R,η , W D,η = W R,0 , W R,1 , W D,0 , W D,1 . For present purposes, R should be read as repay, ∆ = 0, and D should be read as def ault, ∆ = 1, whereas
η = 0 should be read as cleared from default, and η = 1 should be read as not cleared from
default. The default label η takes values over the following states:
• η+ = 0, if ∆ = 0, η = 0
• η+ = 0 with probability πA , and η+ = 1 with probability (1 − πA ), if ∆ = 0, η = 1
• η+ = 1, if ∆ = 1, η = 0
• η+ = 1, if ∆ = 1, η = 1.
None of the states, η = 0, 1, are absorbing states under general conditions. Indeed, after
repay the default label η = 1 is assumed to go back to η = 0 with probability πA . Combining
∆ = 0, 1 with η = 0, 1 we can break down the sovereign’s optimization problem:
Repay (∆ = 0), Cleared from Default (η = 0):
Ŵ

R,0

(A, K, B) =
=

Twt
R,0



W̃

max

{c,K+ ,B+ }

R,0

D,0



, W̃
(A, K, B)
(A.1)
n
n
n
ooo
U (c, l) + β · E max W̃ R,0 (A+ , K+ , B+ ), W̃ D,0 (A+ , K+ , B+ )
(A.2)

subject to
c + K+ + B ≤ A · F (K, l) + (1 − δ) · K +

2

E (1 − ∆+ · κ)
· B+ .
1 + r̃

(A.3)

Repay (∆ = 0), Not Cleared from Default (η = 1):
Ŵ

R,1

(A, K, B) =

Twt
R,1



W̃

R,0

, W̃

R,1

, W̃

D,0

D,1



, W̃
(A, K, B)
(A.4)


n
o


πA · max W̃ R,0 (A+ , K+ , B+ ), W̃ D,0 (A+ , K+ , B+ )
n
o
= max
U (c, l) + β · E
 +(1 − πA ) · max W̃ R,1 (A+ , K+ , B+ ), W̃ D,1 (A+ , K+ , B+ ) 
{c,K+ ,B+ } 



(A.5)
subject to
c + K+ + B ≤ [1 − ζ(A)] · A · F (K, l) + (1 − δ) · K +

E (1 − ∆+ · κ)
· B+ .
1 + r̃

(A.6)

Default (∆ = 1), Cleared from Default (η = 0):


R,1
D,1
Ŵ D,0 (A, K, B) = Twt
W̃
,
W̃
(A, K, B)
(A.7)
D,0
n
n
n
ooo
= max
U (c, l) + ϑ + β · E max W̃ R,1 (A+ , K+ , B+ ), W̃ D,1 (A+ , K+ , B+ )
{c,K+ ,B+ }

(A.8)
subject to
c + K+ + (1 − κ) · B ≤ [1 − ζ(A)] · A · F (K, l) + (1 − δ) · K +

E (1 − ∆+ · κ)
· B+ . (A.9)
1 + r̃

Default (∆ = 1), Not Cleared from Default (η = 1):


R,1
D,1
Ŵ D,1 (A, K, B) = Twt
W̃
,
W̃
(A, K, B)
(A.10)
D,1
n
n
n
ooo
= max
U (c, l) + ϑ + β · E max W̃ R,1 (A+ , K+ , B+ ), W̃ D,1 (A+ , K+ , B+ )
{c,K+ ,B+ }

(A.11)
subject to
c + K+ + (1 − κ) · B ≤ [1 − ζ(A)] · A · F (K, l) + (1 − δ) · K +

E (1 − ∆+ · κ)
· B+ . (A.12)
1 + r̃

wt
Note that in this formulation, operators Twt
D,0 and TD,1 are actually the same. The model
is somehow biased towards repeated default; i.e., a sizable bond spread can be long-lasting
as in the data.

3

Again, we can state some simple standard assumptions to insure that the set of all feasible
states θ = (η, A, K, B) is compact, the utility function U (c, l) is bounded over all feasible
(c, l), and the optimal consumption c > 0 lies in the interior for every initial condition K > 0.
Assumption A.1
(Some Simple Standard Assumptions II)
1. {At }∞
t=0 is a stationary Markov process that satisfies the Feller property. There are
constants A, A > 0 such that A ≥ At ≥ A > 0 for all realized values At , all t ≥ 0.
2. U (c, l) is continuously differentiable; U (·, l) is increasing and concave for all l ∈ [0, 1];
U (c, ·) is decreasing and concave, with bounded derivatives Ul (c, l), for all c ≥ 0; U (0, 1)
is a finite number; lim Uc (c, l) = ∞ as c → 0 for all l ∈ [0, 1].
3. F (K, l) is increasing, concave, homogenous of degree 1, and continuously differentiable;
F (K, 0) = F (0, l) = 0; lim FK (K, l) = ∞ as K → 0, and lim FK (K, l) = 0 as K → ∞,
for all l > 0.
Under these simple assumptions there is no restriction to generality to limit the state
space Θ to a compact set under suitable upper bounds K, and B; we can also fix an upper
bound for consumption c, and a lower bound for debt B ≤ 0; by assumption, A > A > 0,

wt
wt
wt
K = 0 and c = 0. Then, we are ready to show that operator Twt = Twt
R,0 , TR,1 , TD,0 , TD,1
has a fixed-point solution in the space of bounded and continuous functions

W (η, A, K, B) = W R,η (A, K, B), W D,η (A, K, B) . Let M = max {U (c, 0), −U (0, 1)}. Let
M
. Let W wt be the space of continuous functions W (θ) bounded by Lwt . By the
Lwt = 1−β
definition of Lwt and the theorem of the maximum, Twt : W wt → W wt is well defined.
Theorem A.1. The wt-operator Twt : W wt → W wt is a contraction mapping. Hence, Twt
Twt
has a unique fixed point W ∗ ; i.e., there exists a unique W ∗ such that W ∗ −→ W ∗ . For all
θ = (η, A, K, B) ∈ Θ with K > 0 and suitable upper bound B, the optimal consumption
choice must be positive, c > 0.
Proof. Assume that W 1 ≤ W 2 . Clearly, Twt (W 1 ) ≤ Twt (W 2 ). Let a ≥ 0. Then Twt (W + a) ≤
Twt (W ) + βa. Indeed, both the set of feasible choices and the default cutoff ∆+ remain the

same under W and W + a = W R,η (A, K, B) + a, W D,η (A, K) + a . Therefore, operator
Twt satisfies Blackwell’s sufficient conditions for a contraction, and must have a unique fixed
point W ∗ ; see Stokey, Lucas, and Prescott (1989), Ch. 3.
Let θ = (η, A, K, B) with K > 0. By the above assumptions on the derivatives Uc (0, ·) and
FK (0, ·), every optimal consumption, c > 0, is positive, provided that B is small enough.
4

B

Danskin’s Theorem: Differentiability Properties of
the Value Function and Uniqueness of the Optimal
Policy

B.1

Danskin’s Theorem

Danskin (1967) proves a general envelope theorem. A vast literature has extended this theorem in several dimensions: weaker continuity and differentiability assumptions, constrained
optimization, and infinite-dimensional spaces. Danskin’s theorem applies to our framework
under interiority of equilibrium solutions. We shall follow Bernhard and Rapaport (1995),
and Clarke (1975), and present a simplified variant of this classical result.
Let V be a compact topological space, and J a map from Rn × V into R, assumed to be
jointly continuous, and C 1 with respect to the first variable. Let
¯
J(u)
= max J(u, ν)
ν∈V

and

¯
V̂ (u) = ν ∈ V|J(u, ν) = J(u)
.
Theorem B.1. (The Envelope Theorem). Function J¯ has a directional derivative at u in
the direction h,
n
X
¯
DJ(u; h) = max
hi · Ji (u, ν)
(B.1)
ν∈V̂ (u)

i=1

for every u and h in Rn , where Ji stands for the partial derivative with respect to component
ui of u, and ν is fixed.
¯
Let ∂ J(u)
stand for the generalized gradient in the sense of Clarke (1975), and Du J(u, ν)
stand for the derivative with respect to component u for fixed ν.
¯
Corollary
B.2. (The Generalized
Gradient of the Value Function) ∂ J(u)
is the convex hull
n
o
of Du J(u, ν)|ν ∈ V̂ (u) .

B.2

Differentiability properties of the value function

Proposition 2.5 in Section 2 simply states that all the directional derivatives of W (η, A, ·, ·)
in (11) with respect to K and B are bounded. This is a direct consequence of Theorem
5

B.1 as the derivatives of the primitive functions are also bounded. Moreover, as stated
in Proposition 2.6, function W (η0 , A0 , ·, ·) of Section 2 is a locally Lipschitz mapping in
(K, B) for given (η, A). It follows that W (η, A, ·, ·) is differentiable at almost all (K, B).
By Corollary B.2, partial derivatives WK (η, A, K, B) and WB (η, A, K, B) are continuous
and bounded on compact subsets of int[graph(Ω (η0 , A0 , K0 ))], since the correspondence of
optimal choices {τt , Gt , ∆t , Bt+1 , ct , lt , it }∞
t=0 is upper hemi-continuous.
We now proceed to the computation of partial derivatives WB (η0 , A0 , K0 , B0 ) and
WK (η0 , A0 , K0 , B0 ). This again confirms that W (η0 , A0 , ·, ·) has bounded derivatives; further, under multiplicity of optimal solutions, W (η0 , A0 , ·, ·) may display a downward kink;
see (B.1) in Theorem B.1. The computation of partial derivative WB (η, A, K, B) is quite
straightforward because of the linearity of constraints (12) and (14) in B and G in Section
2. Hence, WB (η0 , A0 , K0 , B0 ) = −ν 0 (G0 ), and the optimal G0 must be unique by the strong
concavity of the utility function.
Partial derivative WK (η, A, K, B) admits several representations. We can express WK (η, A, K, B)
in terms of marginal utility UG (c, G). In this computation we do not perturb implementability constraint (16), and hence we leave unchanged the consumption investment trade-off of
the consumer. Therefore, after a marginal increase in K the sovereign may adjust the tax
rate, τ, to channel the extra output towards G. Obviously, a higher τ discourages the optimal
supply of labor through equation (17). That is, the tax distortion comes from a gain in utility
at the expense of a relatively greater loss in output. All these general equilibrium effects are
captured in Proposition 2.9 for the computation of partial derivative WK (η, A, K, B). We
illustrate the computation of this derivative in the proof of Proposition 2.10 below.
Proposition 2.10 (Computation of Partial Derivative WK (η0 , A0 , K0 , B0 )):
Proof. We shall show that WK (η0 , A0 , K0 , B0 ) is equal to expression (22) in Section 2 where
such derivative is computed in terms of the marginal utility u0 (c0 ). As already pointed
out, the problem here is that we need to preserve implementability constraint (16) after a
marginal increase in K, while lowering the tax rate, τ . Without loss of generality, assume
that c0 is the unique optimal consumption choice for initial condition (η0 , A0 , K0 , B0 ) . Then,
let us take a linear expansion û of utility function u at c0 . That is, û(c) = u(c0 ) + u0 (c0 ) ·
(c − c0 ). Let Ŵ be the value function in (11) with utility function û in period t = 0. Then,
for a neighborhood around (η0 , A0 , K0 , B0 ) we have Ŵ (η, A, K, B) ≥ W (η, A, K, B) and
Ŵ (η0 , A0 , K0 , B0 ) = W (η0 , A0 , K0 , B0 ). Hence, ŴK (η0 , A0 , K0 , B0 ) = WK (η0 , A0 , K0 , B0 ) ,
since WK (η0 , A0 , K0 , B0 ) is assumed to exist. As utility function û(c) is locally linear in
6

period t = 0, implementability constraint (16) is trivially satisfied after a small change
in consumption c0 . Therefore, expression (22) provides an accurate representation of the
derivative WK (η0 , A0 , K0 , B0 ). By the same arguments, we can establish (21).

B.3

Uniqueness of the optimal policy

Proposition 2.11 (Uniqueness of the Optimal Policy):
Proof. As already discussed, G0 can be uniquely determined by WB (η0 , A0 , K0 , B0 ) via equation (19) in Section 2.4. For fixed (A0 , K0 , B0 ) , by (17) we can solve for the optimal l as a
function of τ and c:
1
 α+χ
A · (1 − α) · K α
l=
.
· (1 − τ ) · u0 (c)
γl



It is also convenient to derive similar expressions for h0 (l) and

∂l
.
∂τ

(B.2)
That is,

χ
 α+χ
A · (1 − α) · K α
0
h (l) = γl ·
· (1 − τ ) · u (c)
γl
1

 α+χ
1−α−χ
∂l
A · (1 − α) · K α 0
1
=−
· u (c)
·
· (1 − τ ) α+χ .
∂τ
γl
α+χ

0



(B.3)
(B.4)

After a marginal increase in K0 , we can hold c0 and K1 fixed, and adjust τ0 to channel all
the proceeds to G0 , while l must satisfy (17). More specifically, let
(1 − τ ) · A0 · K α · l1−α = (1 − τ0 ) · A0 · K0α · l01−α ,

(B.5)

where the right-hand side is held constant. Then, plugging in (B.2) into (B.5), and using
the implicit function theorem for τ as a function of K, we get
α · (1 − τ )
∂τ
=
.
∂K
K

(B.6)



∂G0
∂F (K0 , l0 ) ∂F (K0 , l0 ) ∂l0 ∂τ0
=
+
·
·
.
∂K0
∂K0
∂l0
∂τ0 ∂K0

(B.7)

Then, for fixed c0 and K1 ,
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By the envelope theorem,
WK (η0 , A0 , K0 , B0 ) = ν 0 (G0 ) ·

∂l0 ∂τ0
∂G0
− h0 (l0 ) ·
·
.
∂K0
∂τ0 ∂K0

(B.8)

After plugging in equation (B.7) and equation (17) into (B.8), we get

WK (η0 , A0 , K0 , B0 ) = ν (G0 ) · α · A0 · K0α−1 · l01−α +
0


h0 (l0 )
∂l0 ∂τ0
∂l0 ∂τ0
·
·
− h0 (l0 ) ·
·
.
0
u (c0 ) · (1 − τ0 ) ∂τ0 ∂K0
∂τ0 ∂K0
(B.9)

Substituting out equations (B.2, B.3, B.4, B.6) into equation (B.9),

1−α
WK (η0 , A0 , K0 , B0 ) = ν (G0 ) · (Z1 − Z2 ) · ((1 − τ0 ) · u0 (c0 )) α+χ + Z2 ·
0

1+χ
1
0
α+χ
(c
))
·
((1
−
τ
)
·
u
0
0
ν 0 (G0 )
(B.10)

where
 1−α
A0 · (1 − α) · K0α α+χ
Z1 = α · A0 ·
·
γl

 1+χ
α · γl
A0 · (1 − α) · K0α α+χ
.
Z2 =
·
(α + χ) · K0
γl
K0α−1



(B.11)
(B.12)

Assumption 1 − 2α − χ ≤ 0 ensures that Z1 − Z2 ≥ 0. The assumption limits the labor
share in production and the elasticity of the labor supply. This implies that the rise in tax
revenue from capital income will dominate the fall in tax revenue from labor income. Hence,
the first term in (B.10) is monotonic in the tax change, while the second term is about the
utility gain from the fall in the labor supplied and it goes up with (1 − τ0 ). Taking together
these two effects we have that expression (B.10) is increasingly monotone in (1 − τ0 ) · u0 (c0 ).
Therefore, there exists a unique (1 − τ0 ) · u0 (c0 ) > 0 that solves equation (B.10). Let
ς1∗ = (1 − τ0 ) · u0 (c0 ).

(B.13)

On the other hand, we can leave the tax τ0 unadjusted, and hence only a fraction of the
extra output will be spent in G0 , while l0 remains unchanged, after the marginal increase in
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K0 . More specifically,
WK (η0 , A0 , K0 , B0 ) = ν 0 (G0 ) · τ0 · A0 · FK (K0 , l0 ) + u0 (c0 ) · [1 + (1 − τ0 ) · A0 · FK (K0 , l0 )] .
(B.14)
Similarly, after plugging in equation (B.2), we get
WK (η0 , A0 , K0 , B0 ) = ν 0 (G0 ) · Z3 · τ0 + u0 (c0 ) · [1 + Z3 · (1 − τ0 )] ,
where Z3 = α · A0 · K0α−1 ·



A0 ·(1−α)·K0α
γl

· ς1∗

1−α
 α+χ

. Combining (B.13) and (B.15),

ς∗
WK (η0 , A0 , K0 , B0 ) = ν (G0 ) · Z3 · 1 − 0 1
u (c0 )


0

(B.15)



+ u0 (c0 ) + Z3 ς1∗ .

(B.16)

It follows immediately that equation (B.16) has a unique c∗0 , since this expression is monotonic
in u0 (c0 ), and u(c0 ) is strictly increasing and concave in c0 . Then, we can solve for the unique
value of τ0∗ in (B.13), and equation (B.2) yields a unique value for l0∗ .
Corollary 2.12 (Monotonicity of the Wedge from Distortionary Taxation)
Proof. After a marginal increase in K0 , we can hold G0 and K1 fixed, and channel the
increase in output to c0 , while adjusting τ0 and l0 . Hence, we can rewrite expression (22) as:


WK (η0 , A0 , K0 , B0 ) = u (c0 )· α · A0 · K0α−1 · l01−α +
0


h0 (l0 )
∂l0 ∂τ0
∂l0 ∂τ0
·
·
−h0 (l0 )·
·
0
u (c0 ) · (1 − τ0 ) ∂τ0 ∂K0
∂τ0 ∂K0
(B.17)

∂τ
where ∂K
= − ατ
.
K
From equations (B.9) and (B.17), we can then derive the wedge from distortionary taxation:


∂l0 h0 (l0 )
1
ν 0 (G0 )
0
0
ν (G0 ) − u (c0 ) = −
·
·
τ0 + 0
· (1 − τ0 ) .
u (c0 )
A0 · K0α · l01−α ∂τ0 1 − τ0
∂l0
< 0, it follows immediately that ν 0 (G0 ) > u0 (c0 ). Furthermore, the marginal utility
As ∂τ
0
gap, ν 0 (G0 ) − u0 (c0 ), increases with τ0 .
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C

The Fixed Point Theorem

In 1912, Brouwer proved the first fixed-point theorem in Euclidean spaces: Every continuous
mapping from the n-simplex to itself has a fixed point. In 1930, Schauder extended Brouwer’s
fixed-point theorem from Euclidean spaces to Banach spaces.
Theorem C.1. (Schauder’s Fixed Point Theorem). Let Σ be a nonempty closed convex
subset of a Banach space X. If f : Σ → Σ is continuous with a compact image, then f has
a fixed point.
Schauder also came up with the well-known conjecture: Every continuous function, from
a nonempty compact and convex set in a (Hausdorff) topological vector space into itself, has
a fixed point.
R. Cauty provided an answer to Schauder’s Conjecture. In the international conference
of Fixed Point Theory and its Applications in 2005, T. Dobrowolski remarked that there is
a gap in the proof. Therefore, Schauder’s Conjecture is still unsolved.
In 1934, Tychonoff extended Schauder’s fixed-point theorem from a Banach space to a
locally convex topological vector space.
Theorem C.2. (Tychonoff ’s Fixed Point Theorem). Let X be a Hausdorff locally convex
topological vector space. Assume that Σ is a compact convex subset of X. Then, every
continuous function f : Σ → Σ has a fixed point.
Our discussion here follows Li (2019), where one can find further applications and extensions of these theorems. Theorem C.2 applies directly to our framework.

D

Characterization of Equilibria

Proposition 2.4 (Characterization of the Ramsey Equilibrium, Sketch):
Proof. The Ramsey government chooses a contingent plan for the tax rate, public consumption, the decision to default, and the quantity of external bond holdings, Λ = {τt , Gt , ∆t , Bt+1 }∞
t=0 ,
to maximize the country’s welfare net of the non-pecuniary penalty, ϑt .
∞
For a given set of government policies Λ = {τt , Gt , ∆t , Bt+1 }∞
t=0 , factor prices {rt , wt }t=0 ,
∞
and bond prices {qt }∞
t=0 , we get that consumer choices {ct , lt , it }t=0 are characterized by
first-order conditions (7, 8) in Section 2. Factor prices can be read off from the marginal
productivities, while the bond price satisfies the no-arbitrage condition (1).
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After plugging in these conditions into the government’s problem (9), we get the formulation specified in Proposition 2.4.
Proposition 3.3 (Characterization of the MPE, Sketch):
Proof. For given government policies Λ̃, the solution to the household’s optimization problem
(P-1) can be characterized by (48, 49). Also, prices must satisfy equations (31, 32 and 36)
in Section 3.
In an MPE, perceived government policies must be identical to actual policies: Λ̃ = Λ̂,
and such policies are invariant functions of the state variables.
After plugging in these conditions into the government’s problem (P-2), we get the above
formulation (P-3).
Proposition 3.6 (Characterization of the Endogenous Debt Limit, Sketch):
Proof. The existence of Ω follows the fact that Bt = 0, for t = 0, 1 · · · , is a feasible choice
for the government.
As is well known [cf. Hernandez and Santos (1996)], the existence of an optimal solution
for the government implies that
the sum of the discounted stream of tax revenues must
P∞ Tt 
< ∞. Hence, every sustainable debt path must obey the
be well defined: E
t=0 (1+r̃)t
P

Bt+1
transversality condition: limt→∞ E
≤ 0. This condition ensures that the set Ω
t+1 (1+r̃)t
is bounded because of our assumptions on production function A · F (K, L).
The equilibrium correspondence of sustainable debt Ω would be closed if the utility
and production functions are continuous and well-defined at the boundary; i.e., as c and
G approach 0, and l approaches 1. This would happen if U (c, G) − h(l) is continuous and
bounded below. We have therefore established the existence of a compact set Ω.

E

Data Sources

Table 1 lists the sources of our data set for the default events. Table 2 summarizes the list
of countries, default episodes, and available variables in the analysis.
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Table 1: Data sources
Variables
TFP
Y
C
G
I
IM/EX
L
Bd
Bx
τ
F BY
rd
rx

Definition
Frequency
TFP
annual
Real GDP
annual
Private consumption
annual
General Government consumption
annual
Investment
annual
Import / Export
annual
Employment
annual
External debt / GDP
annual
Domestic debt / GDP
annual
Tax revenue
annual
Fiscal balance
annual
Real interest rate
annual
Sovereign debt rate
annual

Sources
World Bank
World Bank
World Bank
World Bank
World Bank
World Bank
World Bank
Panizza (2008), supp. w/
Rinhart and Rogoff (2010).
World Bank
World Bank
World Bank
J. P. Morgan EMBI+

Table 2: List of countries and macroeconomic aggregates in the event analysis
Sovereign default
Argentina 2002Q2
Ecuador 1999Q3
Indonesia 1998Q3
Pakistan 1998Q3
Russia 1998Q4
South Afria 1993Q1
Thailand 1998Q1
Ukraine 1998Q4
Uruguay 2003Q2
Venezuela 1995Q3
Venezuela 1998Q3
Mexico 1998Q2
Moldova 2002Q2
Greece 2012
Domin. Rep. 1993Q1
Iceland 2008Q3

Available series
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , τ, F BY, rd , rx
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , F BY, rd , rx
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , τ, F BY, rd
Y, C, G, I, IM/N X, L, Bd , Bx , F BY, τ
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , τ, F BY, rd
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , τ, rd
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , τ, F BY, rd
Y, C, G, I, IM/N X, T F P, L, F BY, rd
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , τ, F BY, rd
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , F BY, rd
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , F BY, rd
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , F BY, rd
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , τ, F BY, rd
Y, I, T F P, L
Y, C, G, I, IM/N X, T F P, L, Bd , Bx , τ
Y, I, IM/N X, T F P, L, rd
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F

The Numerical Algorithm

We propose a numerical approximation to the dynamic programming algorithm based on our
proof of existence of an MPE. We also propose a new method to characterize the endogenous
set of sustainable debt Ω(η, A, K). Our algorithm is implemented in C++ and MPI in a
high performance cluster (HPC) with 7,232 Intel Xeon cores in 452 nodes with 64GB RAM
per node.
Step 1 (Setup): Following Tauchen (1986), we discretize the AR(1) process for the TFP
shock by equally spaced grid points, ΞA = {A1 , ..., ANa }. For capital K, we use equally
spaced points Ξk = {k1 , ..., kNk } to approximate K = [kε , 1.5 · kss ], where kε is a small
positive number so as to approximate the Inada condition, and kss is the steady-state value
of capital in a deterministic counterpart of the benchmark model with zero government tax,
and no debt. We find the endogenous space of government debt Ω(η, A, K) and generate
endogenous adaptive grids Ξb that are several times much more dense for the region around
the cutoff value of sovereign default; see Step 3 below.
Step 2 (Initialization): We start the algorithm with
 the followingguesses for the equilibrium functions including policy functions: Λ̃(θ) = Λ̃τ , Λ̃G , Λ̃∆ , Λ̃B+ (θ); and value func


tions: W̃ (θ) = W̃ R,0 , W̃ R,1 , W̃ D,0 , W̃ D,1 (θ̄), where θ = η, θ̄ , and θ̄ = (A, K, B). These
(0)

(0)

functions are defined over the initial grid points ΞA ×Ξk ×Ξb , where we use Ξb to approximate the initial guess for the equilibrium set of sustainable debt, Ω. Note that Proposition
(0)
3.6 ensures that the set Ω is compact. We start with Ξb under a sufficiently high debt-toGDP ratio as upper bound. The initial guess for our equilibrium functions is obtained using
a homotopy method linking the current model to a model with full capital depreciation,
fixed government spending, and no taxation. We solve this simplified version of the model
via dynamic programming and use this “educated guess” as the initial condition to start our
numerical algorithm.
(0)

Step 3 (Inner Loop): We take Λ̃(θ), W̃ (θ), Ξb from Step 2 as given. By Proposition 3.3,
an MPE can be computed from the sovereign’s optimization problem that takes into account
the impact of public policies on household’s optimal choices and the pricing of external debt.
As discussed in Section A, there are four dynamic programming operators: TR,0 , TR,1 , TD,0 ,
and TD,1 . As in Proposition 2.11, we consider that the optimal solution {τ, G, B+ , c, i, l}
(0)
is unique and continuous at almost all points (A, K, B) ∈ ΞA × Ξk × Ξb . Then, we can
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use some standard numerical optimization solvers, such as SNOPT. For kink points in the
policy and value functions generated by the default decision and time inconsistency taxation
policies, we concoct the bi-fidelity optimization method to reduce the computation cost and
to improve accuracy.

Step 4 (Outer Loop): The solution to the
 optimization problem in Step 3 yields updated

policy functions: Λ̂(θ) = Λ̂τ , Λ̂G , Λ̂∆ , Λ̃B+ (θ), and value functions: Ŵ (θ) = Ŵ R,0 , Ŵ R,1 , Ŵ D,0 , Ŵ D,1 (θ̄
(0)

(1)

Given the initial set Ξb (η, A, K) from Step 2, the updated set of Ξb (η, A, K) is obtained
via a self-generating operator similar to Feng et al. (2014). More specifically, the algorithm
(0)
keeps all points B ∈ Ξb (η, A, K) that are admissible for policy function Λ̂(θ) and value func(0)
tion Ŵ (θ). We identify B as admissible if there exists (K+ , B+ ) ∈ Ξk × Ξb (η+ , A+ , K+ ),
together with the corresponding policy function Λ̂(θ) and value function Ŵ (θ), that solve
one of the four dynamics programming problems for given values of (η, A, K, B).
From the updated value function Ŵ (θ), we identify the region where the government
(1)
would like to default, see Section A above. Then we re-configure the set Ξk × Ξb with
endogenous adaptive grids that allocate more basis points around the region of the default
cutoff. This will also facilitate the computation around kinks in Step 3.
Step 5 (Iteration): As discussed in Section 3.3, both inner and outer loops have to be
(1)
monitored and checked for consistency. We set Λ∗ (θ) = Λ̂(θ), W ∗ (θ) = Ŵ (θ), Ξ∗b = Ξb , if
W
Λ
all functions
and
 sets fall within the tolerance criteria: k W̃ − Ŵ k< εtol , k Λ̃− Λ̂ k< εtol , and

(1)
(0)
W
Λ
B
< εB
dH Ξb , Ξb
tol , where εtol , εtol , and εtol are some pre-specified small positive numbers,
and dH (·, ·) denotes the Hausdorff metric. Otherwise, we set Λ̃(θ) = Λ̂(θ), W̃ (θ) = Ŵ (θ),
(0)
(1)
Ξb = Ξb and repeat the process from Step 2.
Numerical Techniques: We refine the method of bi-fidelity optimization and pre-loaded
interpolation to improve computation efficiency. In particular, we first define a modestly
(0)
(0)
dense set of grid points Ψk × Ψb for K × Ω. We solve for the optimization problem in Step
(0)
(0)
∗(1)
∗(1)
3 by imposing (K+ , B+ ) ∈ Ψk × Ψb . Once we find the optimizers K+ , B+ , we then
(1)
(1)
∗(1)
∗(1)
∗(1)
create new grid points around its neighborhood Ψk ×Ψb = [K+ −εk , K+ +εk ]×[B+ −
∗(1)
εb , B+ + εb ]. Here, εk and εb are small positive numbers. We re-do the optimization by
(1)
(1)
∗(2)
∗(2)
imposing (K+ , B+ ) ∈ Ψk × Ψb , which yields improved optimizers K+ , B+ . We create
(2)
(2)
new grid points Ψk × Ψb and repeat this process several times.
For the choice of (K+ , B+ ) ∈ Ψk × Ψb , it is very likely that (K+ , B+ ) ∈
/ Ξk × Ξb . We
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use triangular interpolation to obtain W̃ (θ+ ). This interpolation improves computational
performance, particularly for the region around default. The interpolation requires to identify
the location of (K+ , B+ ) ∈ Ψk ×Ψb on the grid of Ξk ×Ξb . This is a rather costly computation
by itself. We must repeat this process for any given θ = (η, A, K, B), and all possible choices
for ∆ and (K+ , B+ ) ∈ Ψk ×Ψb . To speed up computations and get higher accuracy, we apply
the method of pre-loaded interpolation. We find the location of all possible (K+ , B+ ) ∈
(0)
Ψk × Ψb on the grid of Ξk × Ξb before we start the optimization. We use a matrix Υk,b
to store their coordinates on the set of grid points. For each interpolation, we retrieve the
information from this giant matrix, which saves time for locating (K+ , B+ ) on the space of
(0)
Ξk × Ξb repeatedly.
Parallel computing provides the architecture to lessen the computational burden and to
speed up the process: each computing unit deals with one particular value of (η, A, K, B).
We also apply several recently developed computational techniques, including endogenous
adaptive grids, and triangular interpolation [cf. Brumm and Grill (2014)]. These methods
are easy to carry out and are quite relevant for related applications.

G

The Baseline Economy: Properties of the Equilibrium Dynamics

Using our theoretical results, we now study some quantitative properties of the equilibrium
dynamics for our baseline economy. Panel (a) of Figure 1 plots two value functions for a fixed
capital stock, K, and two different values of TFP parameter, A. The value for K is fixed
at 1.05, which is roughly the long-run average value of the capital stock. The debt cutoff
values, B ∗ , are 0.115 and 0.796 for low and high TFP, respectively. We can see that each
value function has a kink as the crossing of two concave functions at each B ∗ . Actually, there
are additional kinks for higher debt levels as we allow for the possibility of serial default.
We can now illustrate the workings of Danskin’s Theorem: a downward kink occurs at every
point with multiple solutions. The steeper slope at every kink B ∗ is located to the left of
B∗.
Module some approximation errors, both public consumption, G, and private spending,
C, decrease with B, and they drop sharply at times of default; see Panels (b) and (c). Tax
functions τ in Panel (d) are increasing in the debt level B, because of the rising cost of financing public consumption through debt issuance. There is also the government’s incentive
to reduce the probability of default by switching from debt issuance to tax revenue. Both
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tax rates jump just before default, and then stay high after default because of the increased
borrowing cost.1 As discussed in Cuadra, Sanchez, and Sapriza (2010), for developing markets default helps generate empirically relevant taxation patterns over the business cycle: a
recession pushes the government to rely on tax financing rather than issuing debt. These
authors only consider a non-distortionary consumption tax, which strengthens the government’s incentive to tax around the time of default. With distortionary taxation, however, for
a persistent TFP loss after default, the cost of tax financing in a recession is relatively low,
since the forgone investment due to tax distortion would generate low output in the future.
Once TFP becomes sufficiently large, the cost of tax financing increases and the credit spread
decreases—making debt financing more favorable. Furthermore, the cyclical properties of
taxation will also depend on the level of the capital stock. In equilibrium, the economy
can sustain a higher debt-to-GDP ratio with a larger capital stock leading to greater tax
revenues. Therefore, for low debt levels and fixed A, tax revenues are pro-cyclical to smooth
private consumption, but for high debt levels tax revenues turn out to be counter-cyclical to
lessen the probability of default.
In Panel (e) we plot the bond price, 0 < q ≤ 1. We can observe that the risk-free rate
basically extends over the whole region of no default till the threshold debt value, B ∗ = 0.796.
While this picture may be familiar from other papers [e.g., Arellano and Ramanarayanan
(2012)], we should stress that this lack of variability of the discount price becomes key to
understand why most variants of Eaton and Gersovitz (1981) generate low credit-risk premia.
Certainly, one problem with our simplified setting is that the country faces a constant interest
rate for external borrowing, and there is no exchange rate risk. Hence, we need the volatilities
of consumption and earnings to interact with the probability of default in some substantial
way [Aguiar and Gopinath (2006)]. The prototypical model of Eaton and Gersovitz (1981)
has no definite predictions about risk premia and fiscal policies after default. In our case, the
possibility of serial default forces the spread not to drop so sharply after default. Panel (f)
depicts the evolution of new debt issuance B+ as a function of the existing debt B. Note that
the slope of function B+ is fairly close to one—the initial debt is simply rolled over—when
the bond prices at the risk-free rate. As we approach default, B+ becomes flat because of
the increased borrowing cost.
1

A main finding in the optimal taxation literature is that the labor income tax is pro-cyclical, while the
capital income tax is counter-cyclical. A pro-cyclical labor income tax helps to smooth the representative
household’s after-tax wage income. The counter-cyclical capital income tax cushions shocks to the sovereign’s
budget—depending on the size of the tax base over the business cycle. Judd (1993) argues that the efficiency
cost of adjusting the capital income tax is low because the short-run supply elasticity of capital is very small.
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Figure 2 presents the computed equilibrium set of sustainable debt, Ω, as a function of
K for a fixed value of the productivity level A. The dots in this figure represent grid points
that are used to approximate the space of state variables. Note that Ω is increasing with
the capital stock, K, but it does not have a well defined shape. In the mid-area of the state
space, we endogenously identify the cutoff value of default and allocate more grid points
around that region to improve computational accuracy.
Figure 1: Equilibrium functions
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Economic Forces Behind Default Dynamics

To gain further insights into the workings of the model, we now run some counterfactuals.
There is a large disparity of the debt-to-GDP ratio and the sovereign bond spread across
countries. Hence, the model can give us an idea of the required loss and persistence of TFP
to replicate these observed default events as well as debt holdings at times of no default.
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H.1

The loss and persistence of TFP after default: ζ and πA
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Figure 3: The TFP loss after default ζ
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As we perturb parameter values ζ and πA the simulated paths for our economic aggregates
will drift away from their empirical counterparts. For simplicity, the discussion will focus on
the debt-to-GDP ratio and the sovereign bond spread. Panel (a) of Figure 3 refers to our
baseline economy. In Panel (b), the productivity loss ranges from zero for low TFP states
to 10% for high TFP states. A smaller TFP loss lowers the government’s incentive to honor
the debt. The debt-to-GDP ratio goes down to over one half of the original value, and the
credit spread goes to one third. It seems that under a low debt-to-GDP ratio, the sovereign
can heavily rely on taxation to avoid default. The primary fiscal surplus jumps to 16% of
GDP. Conversely, a larger TFP loss makes sovereign default more costly—generating a high
debt-to-GDP ratio at the time of default. In Panel (c) the productivity loss ranges between
0% and 30%. The debt-to-GDP ratio at the time of default shoots to 100%, and the bond
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spread scales up to about 6,000 basis points. Now, it would be too costly to prevent default
through fiscal policy. In fact, the primary fiscal surplus goes down to about 2% of GDP.
The persistence of the TFP loss, πA , is another parameter which is hard to calibrate
because of their variability across countries and time periods. In Panel (b) of Figure 4 we
consider a more persistent TFP loss, πA = 0.05. The increase in the cost of default prompts
a higher sustainable debt-to-GDP ratio and sovereign bond spread. In this case, our five-year
time window before default cannot pick the adjustment of our macroeconomic aggregates
because the downfall or uptrend—as the case may be—happens at earlier dates. On the
other hand, Panel (c) portrays the same exercise for a lower TFP persistence, πA = 0.25.
Then, the debt-to-GDP ratio and the bond spread shift down; again, fiscal policy emerges
as an attractive tool to avoid default.
To target the observed evolution of the debt-to-GDP ratio and the credit spread under
complete default, the loss and persistence of TFP would need to be much larger. The literature still lacks a critical assessment of calibrating the productivity loss, but our quantitative
equilibrium framework is useful to evaluate the importance of some postulated real and financial frictions for sovereign default. In most papers, the default costs from these frictions
appear to be small; moreover, the performance of these models would be improved by less
extreme calibrations of the haircut. For instance, in Arellano (2008) we can observe that the
spread upon default is 24.3%; in Arellano, Mateos-Planas, and Rios-Rull (2019), the spread
is 3.0%; in Chatterjee and Eyigungor (2012), 12.5%; in Cuadra, Sanchez, and Sapriza (2010),
1.0%; in Gordon and Guerron-Quintana (2018), 18%; in Hatchondo and Martinez (2009),
4%; in Mendoza and Yue (2012), 10%; in Park (2017), 5.2%. In our baseline economy the
spread is 44.2% as compared to 43.9% in our database.
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Figure 4: The persistence of the TFP loss after default πA
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H.2

The bond maturity and the size of the haircut κ

A further goal in our investigation is to sort out the combined effects of the debt maturity
and the haircut. The subject has not been explored in the literature in a systematic way,
since most papers deal with complete default. The long-term bond is modeled along the
lines of Hatchondo and Martinez (2009) and many other papers in the literature. Long-term
bonds are perpetuity contracts with coupon payments decaying at a rate δb . More precisely,
a bond issued in period t with face value Bt+1 provides qt Bt+1 units of goods to the sovereign
in period t, and promises to pay δbs−1 units of goods in every future period t + s. The bond
price qt is dictated by the following no-arbitrage condition:
qt =

E (1 − ∆t+1 · κ + δb · qt+1 )
.
1 + r̃

The maturity of the bond is given by

1+r̃
.
1−δb +r̃

(H.1)

The one-period bond corresponds to δb = 0.
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For the sake of brevity, we begin with a summary of our main findings from extensive
numerical simulations. We would like to remark that these simulations are picking up general
equilibrium effects. In other words, we are just reporting outcomes of different parameterizations of the model at the time of default.
(i) The debt-to-GDP ratio as a function of κ: For a fixed parameterization of the model
(i.e, other parameters being the same), the debt-to-GDP ratio at the time of default goes
down with κ for 0 ≤ κ ≤ 1.
(ii) The debt-to-GDP ratio of short-term vs. long-term debt as functions of κ: For a fixed
parameterization of the model (including κ), the debt-to-GDP ratio goes down at the time
of default as we increase the bond maturity. Moreover, as we compare two economies—with
the same parameter values but one with a short-term bond and the other with a long-term
bond—the ratio of short-term debt over long-term debt goes down with κ.
(iii) The spread of short-term vs. long-term debt as functions of κ: For a fixed parameterization of the model, the credit spread may go up or down at the time of default as we
increase the bond maturity. More specifically, as we compare two economies—with the same
parameter values but one with a short-term bond and the other with a long-term bond—the
spread of the short-term bond will be lower at the time of default if κ is close to 1, and could
be higher if κ is close to 0.
Regarding (i), as the debt write-down goes up, the sovereign is more motivated to default,
and hence we should simply expect the debt-to-GDP ratio to go down at the time of default
as we increase κ. A similar result would occur with the discount factor, 0 < β < 1; a more
impatient social planner will cumulate less debt. Regarding (ii), observe that the credit
spread is usually high at the time of default. This discourages the accumulation of long-term
debt, especially for low values of κ in which the sovereign is unable to repudiate the debt.
Regarding (iii), and contrary to Chatterjee and Eyigungor (2012) and Gordon and GuerronQuintana (2018), we cannot sign the change in the spread as we vary the bond maturity
because of some general equilibrium effects. While it is true that the long-term bond should
command a higher premium, the economy with the short-term bond accumulates more debt
at the time of default, and hence it faces a higher probability of default. By fact (ii), this
relative increase in short-term debt is more pronounced for low values of κ.

H.3

Cyclical comovements

We now illustrate facts (i)-(iii) in the context of some business cycle statistics for frequencies
ranging between two to eight years. Table 3 compares our baseline economy with the same
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economy with a four-year bond. More precisely, under the same parameterization the oneyear bond is replaced by a four-year bond. Both our data and the simulated statistics are
computed over the whole sample space; i.e., including both periods of default and no default.
The first row of Table 3 addresses facts (i)-(ii). That is, the debt-to-GDP ratio goes down
with κ; the debt stock of the four-year bond is always smaller than the debt stock of the
one-year bond; and its ratio goes up with κ. The second and third rows report the mean
and volatility of the bond spread.2 While we can observe that the spread and volatility
of the short-term bond are much smaller for high κ-values, these differences may reverse
for low κ-values. Supporting these patterns of the debt and the mean bond spread, the
fourth row reports the unconditional probability of default for our data and the simulated
path. Note that the probability of default moves inversely with κ. It follows that upon a
persistent negative shock in TFP, default becomes a better insurance under a small allowed
haircut: the sovereign can off-load greater debt amounts in the two scenarios. The fifth row
looks at the correlation of GDP with taxation. This correlation is negative for our baseline
economy but becomes positive under complete default and long-term debt. Hence, taxation
is counter-cyclical in our baseline economy, but this result is not robust to changes in the
debt maturity. Under a long-term maturity, a low cost of borrowing for the government
during a downturn could be very attractive, and hence the sovereign may not rely as much
on counter-cyclical tax policies to finance spending. In practice, the required structure for the
debt maturity may not be a choice variable when approaching default [cf. Broner, Lorenzoni,
and Schmukler (2013)].
Table 3: Sensitivity of the debt-to-GDP ratio and the bond spread to changes in the bond
maturity and parameter κ
Statistics
Mean debt-to-GDP
Mean bond spread
Volatility of spread
Default probability
Corr (tax, GDP)

Data

κ = 0.2
κ = 0.4
κ = 1.0
1-Year 4-Year Bond 1-Year 4-Year Bond 1-Year 4-Year Bond
70% 145.5%
63.0%
79.5%
31.8%
23.6%
11.6%
5.3% 1.27%
1.42%
1.36%
1.44%
0.4%
1.39%
3.6% 4.83%
2.23%
7.7%
3.03%
0.8%
5.3%
2.78% 5.81%
20.7%
3.0%
11.9%
0.71%
3.69%
-0.33
-0.12
-0.042
-0.08
0.039
0.003
0.033

Therefore, the debt-to-GDP ratio and the sovereign bond spread are fairly sensitive to
2

As already discussed, this model is bound to generate a relatively small bond spread since we abstract
from exchange rate risk, shocks to the international interest rate, and other monetary factors which have
proven quite critical ro replicate the volatility of consumption at business cycle frequencies; e.g., see Neumeyer
and Perri (2005).
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parameter κ. Limiting the haircut to κ = 1 in our model would offer a rather distorted view
of the effects of sovereign default on these financial aggregates. In the data, there is a wide
range of variation of the haircut [e.g., Edwards (2015), Sturzenegger and Zettelmeyer (2008)].
For κ = 1.0, the debt-to-GDP ratio will be low. After complete default, the sovereign will
start afresh with no debt; hence, the bond spread for short-term debt could be quite low.
Certainly, it should be much higher for long-term debt. As we lower κ, the debt-to-GDP
ratio goes up. After default, the government may still have a large debt stock, and faces a
negative productivity shock and the possibility of serial default. Hence, the bond spread for
short-term debt could surpass the one for long-term debt.
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