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Appendix A Some Definitions

Lipschitz Functions A function f : D — R with D C R" is called Lipschitz continuous
(or simply Lipschitz) on D if there exists a real constant L > 0, known as the Lipschitz

constant, such that for all z1, 2, € D,

|f(x1) = f(z2)| < Ll|z1 — 22|

Geometrically, this means that the slope of the line segment connecting any two points
on the graph of the function is bounded in absolute value by L. A fundamental result,
Rademacher’s theorem, states that any Lipschitz function defined on an open subset of

R™ is differentiable almost everywhere.

The Generalized Gradient For locally Lipschitz functions, which may not be differ-
entiable everywhere, the concept of the derivative can be extended to the generalized
gradient, also known as the Clarke subdifferential. The formal definition is based on
the generalized directional derivative. For a locally Lipschitz function f : R” — R at a

point xy, the generalized directional derivative in the direction h is:

fo(xo; h) _ thUp f(y + th) — f(y)

y—xo,t—0T t

(49)



The generalized gradient, denoted Jf(xg), is then the set of vectors ( € R™ such that
(C,h) < f°(xq; h) for all h € R™. A more intuitive characterization of 0f(z) is in terms of
the traditional gradient V f(z). Then, 0f(zy) is the convex hull of the set of all limit points
V f(z;) for all sequences z; — z¢ where V f(z;) exists:

J0f(xo) = co {llg})lo Vi(x) |z — xo, Vf(z;) exists} : (50)

For example, for f(z) = |z| at 2y = 0, the derivatives near the origin are either 1 or —1. The
set of limit points is {—1, 1}, and its convex hull is the interval [—1,1]. Thus, 0f(0) = [—1, 1].
If f is continuously differentiable at x(, the generalized gradient reduces to a single point,

Af (xo) = {V f(x0)}-

Proposition A.1. (Clarke (1975), Proposition 1.13).

The following are equivalent:

(a) Of(x) ={C}, a singleton.

(b) Vf(z) exists, Vf(x) =, and Vf is continuous at x relative to the set upon which it

exists.

The Dini Derivative Dini derivatives are a generalization of the standard derivative used
to study functions with limited differentiability, such as continuous but non-differentiable
functions; e.g. (Saks||1937). Their primary advantage is that they always exist for any
function (though they may take on the values +00). Dini derivatives are fundamental in real
analysis and optimization for characterizing the local behavior and optimality conditions of
non-smooth functions.

Let f: R — R be a real-valued function. The four Dini derivatives at a point z( in its

domain are defined using one-sided limits:

e The upper right Dini derivative:

D* f(wo) = lim sup f(xo+h) — f(ﬂfo)'

h—0t h

e The lower right Dini derivative:

D, f(zo) = liminf fzo+h) = f(xo).

h—0t h
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e The upper left Dini derivative:

D~ f(zo) = limsup S (o + hlz — /(@) :
h—0~

e The lower left Dini derivative:

o f(wo+h) — fx0)
D-f(@0) = lim fnf 2

A function is differentiable at xq if and only if all four Dini derivatives exist, are finite,
and are equal to each other. A powerful result that describes the relationship between these

derivatives for any function is the Denjoy- Young-Saks theorem.

Theorem A.2. (The Denjoy- Young-Saks Theorem). Let f : R — R be an arbitrary function.

Then, at almost every point x in its domain, exactly one of the following four possibilities
holds:

1. f is differentiable at x (i.e., all four Dini derivatives are finite and equal).

2. DT f(x) = D™ f(x) =00 and D4 f(x) = D_f(x) = —o0.

3. Dt f(x) =00, D_f(x) = —00, and D, f(x) and D~ f(z) are finite and equall.
4. D™ f(x) =00, Dy f(x) = —o0, and DT f(x) and D_ f(z) are finite and equal.
Two other results on Dini derivatives are of interest for this paper.

Theorem A.3. (Giorgi and Komlosi| (1992), Theorem 1.16). Let f(x) be defined and con-
tinuous on (a,b). If some of its Dini derivatives is bounded (above and below) on (a,b) then

f(z) is Lipschitz continuous on (a,b).

Theorem A.4. (Giorgi and Komlosi (1992), Theorem 1.17). Let f(x) be defined on (a,b)
and let o € (a,b). If f(x) attains a local mazimum at xo then D% f(zo) <0 and D_ f(zo) >
0.

Appendix B Danskin’s Envelope Theorem

Danskin| (1967) proves a general envelope theorem, which applies to our framework under

interiority of equilibrium solutions [e.g., Rincon-Zapatero and Santos (2009))]. We shall follow
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Bernhard and Rapaport| (1995) and |Clarke| (1975), and present a simplified variant of this
classical result.

Let U be a compact topological space, and g a map from R™ x U into R, assumed to be
jointly continuous and C! with respect to the first variable. Let

J(2) = maxg(z, u)

and

M(z) = {u € Ulg(z,u) = J(z)}.

Theorem B.1. (The Envelope Theorem). Function J has a directional derivative at x in

the direction h,
n

DJ(z;h) = max hi - D;g(x,u) (51)
u€M ()

=1
for every x and h in R™, where D;g stands for the partial derivative with respect to component

x; of x, and u s fived.

A vast literature has extended Danskin’s theorem in several dimensions: weaker conti-
nuity and differentiability assumptions, constrained optimization, and infinite-dimensional
spaces. Here, we present an extension of these classical results under weaker continuity
conditions.

Let 0J(x) stand for the generalized gradient in the sense of|Clarke|(1975), and D, J(x, u)

stand for the derivative of mapping J(-,u) with respect to component z for fixed u.

Theorem B.2. (Clarke| (1975), Theorem 2.1) Let U be a sequentially compact space, and
let g : R™ x U — R have the following properties:

1. g(x,u) is upper semicontinuous in (,u).
2. g is locally Lipschitz in x, uniformly for u in U.
3. g2(x,u;+) = Dpg(x,u;-), the derivatives being with respect to x.
4. Opg(x,u) is upper semicontinuous in (x,u).
Then, if we let J(x) = max{g(x,u) : u € U},
1. J is locally Lipschitz.
2. D,J(x;h) exists.
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3. DyJ(z;h) = J°(z;h) = max{( - h:( € Op9(x,u),u € M(x)}, where M(z) ={ueU:
gl u) = J(x)}.

4. 0J(x) is the convex hull of {0.g(x,u) : v € M(x)}.

Lemma B.3 (Addendum to Proof of Theorem [2.12). Let k* = g(k*) be an interior steady
state. Then, under the above Assumptions for the Economic Growth Model (Section 2) the
right-hand derivative VI (k*) of V(-) at k* is well defined, and the right-hand derivative g, (k*)
of g(+) at k* is also well defined.

Proof. The proof is divided into three parts, and builds on Theorems and of the
Online Appendix (and consequently Theorem of the paper). Furthermore, Bellman’s
equation, SV (k) = W (k) — (1 —5)u(f(k)—g(k)), entails that the derivative of V' is bounded
if and only if the derivative of ¢ is bounded, for all £ where such derivatives exist. This
is quite relevant at a steady state solution k*, where k* = g(k*) and g maps points of an
interval into itself.
Part (1). The current value function W has a well-defined right-hand derivative W' (k*).
This is just a consequence of Theorem Observe that by Theorem function W
is Lipschitz continuous. Therefore, by the Lipschitz property we can write W (k* + a) —
W (k*) = [ZF"W!(k)dk for all a > 0. Since lim, o+ W'(k* + a) = W/ (k*), the right-hand
derivative W (k*) is obviously well defined; further, for every £ > 0 there is & > 0 such that
)y BT Rk
(Wi (k") =

function g(k* + a) do not have a first-order effect on the continuity properties of the term
FUR W (k) dke
k

| < & for all 0 < a < a. Hence, possible discontinuities in the policy

as a function of a for sufficiently small a, and such term defines the right-hand
derivative W/ (k*). Finally, let us note that by the envelope theorem, fk]i“ra W' (k)dk =
S (F () — g(k)) ().

Part (2). The continuation value function V has a well-defined right-hand derivative
V1 (k*). This part is an extension of Theorem using first-order condition u'(f(k)—g(k)) =
BoV'(g(k)) at points of existence of V'(g(k)). As already discussed, both W (k) and g(k)
are differentiable at almost all k, and so V (k) is differentiable at almost all k. In addition,
at a maximum point Clarke’s generalized directional derivative [see ] must be less than
uléf;) + ¢ for all
a > 0 small enough; recall that V' (k* + a) exists at almost all points. Further, by Bellman’s
equation, SV (k) = W (k) — (1 — B)u(f(k) — g(k)), the derivative of g must be bounded at

all points k* + a for all a > 0 sufficiently small, whenever ¢'(k* + a) does exist.

or equal to zero. This means that for fixed £ > 0 we have V'(k* + a) <
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Observe that k* = g(k*) is an interior steady state, and g is strictly monotone increasing

u/(c*)
Bs

the lim sup is taken over those points of existence of V'(k* 4+ a). By way of contradiction,

—&, for some & > 0.

and continuous from the right. Consequently, lim sup, o+ V' (k* + a) > where again

assume that there is a subsequence such that limg, o+ V' (k* +a;) < = é‘; )
Since the policy function g is monotonically increasing, along this subsequence function g
must have unbounded slope (or be discontinuous) at some points k arbitrarily close to k*
with k£ > k*. Accordingly, the continuation value function V' should also have unbounded
slope for points k arbitrarily close to k*. This can be ruled out by similar arguments as in
the previous paragraph. Taken all these inequalities together about the limiting behavior of
the derivative V'(k), as we approach k* from the right the generalized gradient of V' at k*
as defined in must be unique (from the right side). Then, by Proposition of the

Online Appendix the right-hand derivative V| (k*) must be well defined, and must be equal

to %.
Therefore, we can write: V(k* + a) fk* k)dk + high-order terms, where

VI R)dk = & [T (f (k) — (k:))dk;. Thus, we can conclude that if the right-hand

derivative W (k*) is well defined, then the right-hand derivative V(k*) should also be well
S (k) =g k)

shares the same continuity prop-
5w (F(K)—g (k) (k) dk

a

defined. Indeed, one can readily see that

in Part

erties as a function of a approaching a = 0 as the integral Ji
(1).

Part (3). The policy function g has a well-defined right-hand derivative g’ (k*). As in
Theorem by the inverse function theorem and the chain rule applied to utility function
u in Bellman’s equation SV (k) = W(k) — (1 — B)u(f(k) — g(k)) and Parts (1)-(2) of this
proof, we get that the right-hand derivative ¢/, (k*) is well defined. O

Appendix C Results for Theorem (3.3

Lemma C.1 (Addendum to Proof, Part (i) of Theorem [3.8). Under the conditions of
Theorem (3.8, we must have

W*(0) < max U(6,60,)+ BSV*(6,)
0+€F(9

for all 8 € ©.

Proof. We break the proof in a few simple steps.
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(i) Let us define a new function V*(0) > VZ,(0) for all 8 in © and all n" > n. More
specifically, let V*(§) = Sup,>, {V2:, (0)} for each 6 in ©. Then, V() > VZ,(0) for all § in
© and n' > n, where V' (f) refers to a continuation value function for an e-equilibrium (for
some &,/) as defined in part (ii) of the proof of Theorem Incidentally, note that V*(6)
is lower semicontinuous, since it is the sup of an infinite sequence of continuous functions
VX (0). As already discussed, there is no restriction of generality to take the upper closure
of V*(0). Hence, we suppose that V*(0) is a continuous mapping. Moreover, observe that
V*(#) is non-increasing in n for every 6.

(ii) Accordingly, let us define a new current value function W*() > Wz (0) for all 0 in
O and all n’ > n. Certainly, W;(Q) = maxg, cr) U(0,0;) +55V;(9+) for all # in O, satisfies
these properties. Moreover, W;(@) is Lipschitz continuous.

(iii) For each 0y we can choose a subsequence of mazimizers {07, (00) nso converging to

some 07 (0y) because © is a compact set. Here,

0:,(00) = arg max {U(6,04) + BOVF(0,)}.

0.4 €I (6o)

That is, 07, () is a maximizer under value function V*(6,) and initial condition 6.

(iv) Finally, we claim that maxg, cr@) U(0,0,)+ B6V*(0,) > W*(0) for all  in ©, which
proves the lemma. Let a > 0 be an arbitrarily small number. Then, we first claim that
V*(05(60)) + o > V7 (6,) for 6, in a neighborhood of 6 (f) and all ’ > n. Observe that
{V*(0(8g)) Ynso converges to V*(8%(6y)) for fixed 6, as n — oo; moreover, V*(6,) is a
continuous function. Since V*(6,) is also nonincreasing in n, we must have V*(05(6,)) + o >

~

V% (6:) for all §; in a neighborhood of 65 () for all n’ > n for n sufficiently large. Therefore,
o+ U (0o, 0 (80)) + B8V (67(60)) = U(0o, 07, (60)) + 56V,5 (03, (6o)), (52)
for all n’ > n and n large enough. Then,

pmax {U(0h,01) + BV(01)} +a = U, 05,0 (60)) + 5SV,5 (67, (80))
+ o

> W (60)
2 W*(QQ) —

Since our choices ) and a > 0 were arbitrary, it must hold true that maxg, cr@){U (9, 6) +
BOV*(0,)} > W*(0) for all § € O©. O



Lemma C.2. Under the conditions of Theorem

(i) Let V* be the lim sup of the sequence {V;}WO.

(ii) Let W7 be the value function for V' for each n >0, and W* be the value function for
V*; see .

(i1i) Let the sequence {W:n}nzo

(iv) For given 0y, let 05, (6) be an optimal point for function W7 under continuation value

converge to W* in the sup norm.

Junction V.
Suppose that 05(0y) is a limit point of a sequence of optimal points {65. (6p)}n>0. Then,

len

05 (o) is an optimal point for value function W* under continuation value function V*.

Proof. For every a > 0 there is some n large enough such that

W*(6o) = Ul(bo, 07 (6o)) + BV (67 (6o))
> U(bo, 0., (6o)) + BV (01, (6h)) — a
> WZ (6h) — a
> W*(6y) — 2a,

where the first inequality comes from the definition of W*, see (ii) in the statement of this
lemma; the second inequality comes from the definition of V* as the limit sup; see (i) in the
statement of this lemma, and equation in the proof of Lemma the third inequality
comes from (ii) in the statement of this lemma; and the fourth inequality comes from (iii)
in the statement of this lemma for n large enough. Since o > 0 has been chosen arbitrarily
small, the proof is thus established.

O

Let /I’;n be the correspondence of optimal solutions for value functions W7 and V_ ; see
li Note that correspondence /ign should be distinguished from A? , which is computed
after the g,-derivative in .

Corollary C.3. Under the conditions of the previous Lemma we must have:
lim sup {/I;} C A*.

n>0
The proof of Corollary follows as a simple extension of Lemma since © is a
compact set. Hence, every sequence of optimal points {67, (6,)}n>0 must have a convergent

subsequence over both 67, and 6,.
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Remark C.4. Following [Hildenbrand| (1974), p. 16], note that lim sup {/Izn} C A*
n>0
entails that for every o > 0, there is n such that -

Az, C Ba(AY) (53)

for all n’ > n, where B, (A*) denotes the a-neighborhood of set A*.

Lemma C.5 (Addendum to Proof, Part (iv) of Theorem . For every 6, € OV, the

sequence { A% («90)}n>0 converges to 07 (0y).

Proof. Note that W*(6) is differentiable at 6, € ©"", and the derivative DW*(f) varies
continuously with 6. Further, by the previous Remarkfor every a > 0, there is g, small
enough such that the e-derivative as defined in is computed within the set B, (A*),
and is roughly equal to DW (). In other words, by the envelope theorem all derivatives
in the integrand of take the form DWZ (0) = D,U(0,6;. (0)), and all 65, (6) become
arbitrarily close to (6y) for 6 closed enough to 6, for n sufficiently large, since A* is an
upper hemi-continuous correspondence that is single-valued at 6,. Therefore, by Assumption

3(iv) we must have that the sequence {A:n(eo)}n>0 converges to 07 (o). O

Appendix D Fixed-Point Theorems

In 1912, Brouwer proved the first fixed-point theorem in Fuclidean spaces: Every continuous
mapping from the n-simplex to itself has a fixed point. In 1930, Schauder extended Brouwer’s

fixed-point theorem from Euclidean spaces to Banach spaces.

Theorem D.1. (Schauder’s Fized Point Theorem). Let ¥ be a nonempty closed convex
subset of a Banach space X. If f : 3 — ¥ is continuous with a compact image, then f has
a fixed point.

Schauder also came up with the well-known conjecture: Every continuous function, from
a nonempty compact and convex set in a (Hausdorff) topological vector space into itself, has
a fixed point.

R. Cauty provided an answer to Schauder’s Conjecture. In the international conference
of Fixed Point Theory and its Applications in 2005, T. Dobrowolski remarked that there is
a gap in the proof. Therefore, Schauder’s Conjecture is still unsolved.

In 1934, Tychonoff extended Schauder’s fixed-point theorem from a Banach space to a

locally convex topological vector space.
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Theorem D.2. (Tychonoff’s Fized Point Theorem). Let X be a Hausdorff locally convex
topological vector space. Assume that ¥ is a compact convexr subset of X. Then, every

continuous function f : ¥ — X has a fized point.

Our discussion here follows |Li|(2021), where one can find further applications and exten-

sions of these theorems. Theorem applies directly to our framework.

Appendix E Numerical Algorithm for Computing the
Markov Equilibrium

The following algorithm details a numerical procedure for computing the Markov equilibrium
in the quasi-hyperbolic discounting model. The iteration is performed on the pair (V, g)—the
continuation value function and the policy function, respectively. This iteration includes a
smoothing step to handle potential discontinuities in the policy function and ensure numerical
stability.

Algorithm 1.

MPE Solver with e-Approximate Derivatives

1: Tolerances and Initialization

2: Tolerances: tol > 0, jump threshold 7 > 0, derivative radius ¢ > 0 (initial), target
Emin > 0.

3. Base state grid © = {6y, ...,6y} and initial envelope guess Wyyess (bounded, Lipschitz).

4: Initial correspondence/policy guess Aguess (defined where single-valued).

, , w(6,0")
5: Weight kernel w(0, 8') for local averaging; let w(6,6") := ’ .
Z@”E/\@(@) w(Q’ 0//)

6: Quter continuation loop on €

7: repeat

8 (Whew; Anew) = (Wauess; Aguess)

9:  Inner fived-point loop at fixed €

10: repeat

11: Wola = Whew

12: Step 1: c-approximate derivative and implied policy
13: for each # € © do

14: Neighborhood: N.(0) :={¢' € ©: |0/ — 0| < ¢}
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15: Compute finite-difference derivative estimates DW (0| Woa) at each 6" € N.(0).
16: Weighted finite average:

DWaa(0) == Y w(®,0)DW(O | We)
0'eN ()
17: Recover next state from the gradient relation:

3-(0) < h(D-Wya(0), 0),

where h(x,0) satisfies x = D1U(6,6,) and returns 6, = h(x,0).

18: Define guess for single-valued correspondence A.(#) = {j-(8)}.
19: Step 2: Continuation value (upper closure)
20: for each # € © do
2t V) ¢ 5 (Waa®) (1= H)UG.3.00)
22: Upper envelope on © (local-sup majorant)
23: for each # € © do
24: N,(0)«— {0 €©: [|[0 —0| < p(0)}
25: Voue(f) < max Viaw ()
0'EN,(6)
26: O, «+ 06
27: Step 3: Bellman update and maximizers
28: for each # € © do
2: W(6) < maxg, cre) {U(@, 0.) + B0 f/suc(eg}
30: A(0) < arg maxy, er) {U(@, 6.) + Bo VSUC(QJF)}
31: Value update
320 Wiew & W
33: Convergence check
34: if suppee |[Whew () — Woia(0)| < tol then
35: break

36: until convergence is reached

37:  Continuation step: ¢ < ¢/2; (Wgyess; Aguess) < (Whew, /i)
38: until € < g5,

39: OQutputs: W(-), V(-) = V=%(-), A(-), and policy g(-).
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